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T his  i n v e s t i g a t i o n  d ev e lo p s  a m u l t i p l e ,  c o r r e l a t e d  i n p u t - s i n g l e  
o u tp u t  m odeling te ch n iq u e  s u i t a b l e  f o r  a c c u r a te  m odeling o f  th e  b u l l e t  
t r a c e  o f  a h ig h -sp e ed  f i g h t e r  a i r c r a f t  engaged in  a i r - t o - a i r  combat.
The tech n iq u e  i s  then  in c o rp o ra te d  i n to  a d i g i t a l  computer program 
and used to  d ev e lo p  models f o r  560 f i r i n g  p a ss e s  each r e q u i r i n g  an 
X -c o o r id n a te  model and a Y -c o o rd in a te  model.
In  th e  developm ent o f  th e  th e o ry ,  i t  was i n i t i a l l y  assumed t h a t  
th e  model cou ld  be s t r u c t u r e d  a s  a l i n e a r  co m b in a tio n  o f  p r e s e n t  and 
r e g re s s e d  v a lu e s  o f  the  in p u t  s e r i e s ,  a s t o c h a s t i c  n o is e  te rm , and a 
c o n s t a n t .  S t a t i s t i c a l  o p e r a t io n s  were a p p l ie d  to  the  assumed model 
so t h a t  the  same number o f  e q u a t io n s  were developed  as  unknowns in  
th e  e q u a t io n s .  S t a t i s t i c a l  o p e r a t io n s  perform ed w ere:
1. The developm ent o f  as  many m odif ied  model e q u a t io n s  a s  in p u ts  
by m u l t ip ly in g  th e  assumed model by a  v a lu e  o f  each  in p u t  
s e r i e s  a t  lag  K.
2 .  The t a k in g  o f ex p ec ted  v a lu e s  o f  th e  m o d if ied  model 
e q u a t i o n s ,  th e n  v a ry in g  th e  lag  K o f  th e  r e s u l t i n g  e q u a t io n s  
u n t i l  a s  many e q u a t io n s  a r e  o b ta in ed  as  unknowns.
3 . The developm ent o f  a r e s i d u a l  s e r i e s  o f  th e  e r r o r s  betw een 
th e  o r i g i n a l  s e r i e s  and th e  modeled s e r i e s ,  and th en  th e  
u s in g  o f  th e  mean o f th e  r e s i d u a l  s e r i e s  as  th e  c o n s ta n t  in  
th e  assumed model e q u a t io n  and th e  s ta n d a rd  d e v i a t i o n  o f  th e  
r e s i d u a l  s e r i e s  a s  the  s ta n d a rd  d e v i a t i o n  o f  the  s t o c h a s t i c  
n o is e  s e r i e s .
The developm ent o f  th e  th e o ry  in  t h i s  manner r e s u l t e d  in  a 
t y p i c a l  l e a s t  s q u a re s  s o l u t i o n .  However, the  s o l u t i o n  based
v t
on o th e r  e r r o r  c r i t e r i a  a re  d i s c u s s e d .
R e s u l t s  o f  th e  i n v e s t i g a t i o n  in d ic a te d  th e  fo l lo w in g :
1. The b u l l e t  m iss  d i s t a n c e  had a c o n s id e ra b le  lag  in  re sp o n d in g  
to  th e  f l i g h t  c o n t r o l  p a ra m e te rs .
2 .  The b u l l e t  m iss  d i s t a n c e  was v e ry  d e t e r m i n i s t i c  and t h e r e ­
f o r e ,  d i d n ' t  r e q u i r e  a s t o c h a s t i c  n o is e  te rm  i n  the  m odel.
3 .  The model was v e ry  s e n s i t i v e  to  th e  th re e  in p u ts  o f  r a n g e ,  
a n g l e - o f f ,  and a t t a c k e r  g e e s .  I t  was most s e n s i t i v e  to  
r a n g e .
4 .  The deve loped  th e o ry  so lved  th e  p a r t i c u l a r  problem  v e ry  
a c c u r a t e l y .  The av erag e  r o o t  mean square  e r r o r  f o r  560 
f i r i n g  p a sse s  was 1 .97  m i ls  f o r  th e  X b u l l e t  m iss  d i s t a n c e  




1.1  GENERAL INFORMATION
A la r g e  amount o f  s t a t i s t i c a l  methodology i s  in v o lv ed  in  d e v e lo ­
p in g  models to  r e p r e s e n t  p h y s ic a l  sy s tem s . These p h y s i c a l  system s 
may have o u tp u ts  which v a ry  w ide ly  as a  fu n c t io n  o f  t im e . Some 
t y p i c a l  exam ples o f  t im e -v a ry in g  system s a re  th e  b u l l e t  t r a c e  o f  a 
f i g h t e r  a i r c r a f t ,  an in v e n to r y ,  or even  th e  te m p e ra tu re  o f a ch em ica l 
p r o c e s s .  The th in g  t h a t  a l l  th e se  system s have i n  common i s  t h a t  
t h e i r  d a t a  can  be r e p r e s e n te d  by a  tim e s e r i e s .  A tim e  s e r i e s  i s  
sim ply a s e t  o f  d i s c r e t e  d a ta  g e n e ra te d  s e q u e n tu a l ly  in  tim e. The 
te c h n iq u e s  a v a i l a b l e  f o r  a n a ly s i s  o f  such  s e r i e s  o f  dependent d a t a  
a r e  termed tim e s e r i e s  a n a l y s i s .
Time s e r i e s  a n a l y s i s  can be as  s im ple  as f i t t i n g  a cu rve  to  th e  
o u tp u t  s e r i e s ,  o r  as co m p lica ted  as  u s in g  r e g r e s s i o n  te ch n iq u es  to  
d e r iv e  th e  model f o r  th e  o u tp u t  as a  fu n c t io n  o f  th e  in p u t s .  I n  th e  
l a t t e r  c a s e ,  th e  r e s u l t i n g  model i s  a  f u n c t io n  o f  th e  in p u ts  as  w e l l  
as  tim e. T h is  type  model a llow s  one to  v i s u a l i z e  th e  e f f e c t  t h a t  
v a ry in g  th e  in p u t s  has on th e  o u t p u t .
The developm ent o f  a model in  which the  o u tp u t  i s  a f u n c t io n  o f  
m u l t ip le  in p u t s  i s  co m p lica ted  by th e  f a c t  th a t  p ro b a b ly  no p h y s i c a l  
phenomenon i s  t o t a l l y  d e t e r m i n i s t i c .  There  a re  a lw ays some unknown 
f a c t o r s ,  n o i s e ,  o r  e x t ra n e o u s  in p u ts  which c o r r u p t  t h e  t r u e  r e l a t i o n ­
s h ip s  betw een th e  in p u t  and o u tp u t .  T h is  f a c t o r  i s  accounted  f o r  in  
th e  model developm ent by In c lu d in g  a random or s t o c h a s t i c  component 
as  w e l l  as  th e  d e t e r m i n i s t i c  component i n  the  f i n a l  m ode l 's  e x p r e s s io n .
1
2There has been  a c o n s id e r a b le  amount o f  time s e r i e s  th e o ry  
developed  to  model a s in g l e  o u tp u t  s e r i e s  a s  a f u n c t io n  o f  t im e .  
Im p o r tan t  r e f e r e n c e s  i n  b a s i c  s t o c h a s t i c  tim e s e r i e s  model d e v e lo p ­
ment a r e t  B a r t l e t t  [ 1 ] ,  K en d a ll  [ 2 ] ,  Wold [ 3 ] ,  Hannan [ 4 ] ,  Doob [ 5 ] ,  
and Brown [ 6 ] ,  The p reponderance  o f  t h i s  work p r im a r i l y  d e a l s  w i th  
th e  developm ent o f  th e  th e o ry  r e q u i r e d  f o r  the  m odeling o f  a s in g le  
t im e  s e r i e s .
There i s  v e ry  l i t t l e  e x i s t i n g  th e o ry  on m u l t ip l e  tim e s e r i e s  
a n a l y s i s  where a  s in g le  o u tp u t  i s  a f u n c t io n  o f  m u l t ip l e  i n p u t s .  
Robinson [ 7 ]  worked on m u l t ip l e  i n p u t s  and m u l t ip l e  o u tp u ts  where 
t h e r e  was one in p u t  which co rre sponded  to  each  o u tp u t .  In  a d d i t i o n ,  
he c o n c e n t r a te d  on f i l t e r i n g  te c h n iq u e s  and s p e c t r a l  a n a l y s i s  as 
i n v e s t i g a t i v e  t o o l s .  Hanna [8 ]  in  h i s  book on m u l t ip l e  tim e s e r i e s  
d e a l s  p r i m a r i l y  w ith  s in g le  in p u t  and s in g l e  o u tp u t  sy s tem s .
Box and J e n k in s  [ 9 ]  in  t h e i r  book on tim e  s e r i e s  a n a l y s i s ,  e x p lo re  
th e  m odeling  o f  s i n g l e  o u tp u t ,  s i n g l e  i n p u t - s i n g l e  o u tp u t ,  and two 
i n p u t - s i n g l e  o u tp u t  sy s tem s . However, th e  m u l t ip l e  i n p u t - s i n g l e  o u t ­
put system  examined by th e s e  i n v e s t i g a t o r s  had in p u t  s e r i e s  which 
were n o t  c o r r e l a t e d  to  each  o t h e r .  Modeling o f  m u l t i p l e  in p u t -  
s in g l e  o u tp u t  system s becomes more c o m p lic a te d  when th e  in p u t s  a re  
c o r r e l a t e d .  The system  o f  e q u a t io n s  used to  so lve  f o r  th e  unknown 
model p a ra m e te rs  can  be s im p l i f i e d  i f  th e  i n p u t s  a re  n o t  c o r r e l a t e d .
T h is  c u r r e n t  e f f o r t  expands th e  a l r e a d y  deve loped  th e o r y  o f  s in g l e  
i n p u t - s i n g l e  o u tp u t  system s to  s p e c i f i c  m u l t i p l e  I n p u t - s i n g l e  
o u tp u t  system s and a p p l i e s  t h i s  th e o ry  t o  s p e c i f i c  p rob lem s , p r im a r i l y  
the* f i r e  l i n e  t r a c e  o f  f i g h t e r  a i r c r a f t .  However, o th e r  a p p l i c a t i o n s  
a r e  c o n s id e r e d .
31.2  OBJECTIVE AND SCOPE
The o b je c t iv e  o f  t h i s  s tudy  i s  to  p rov ide  a  r e l i a b l e  model or 
models which w i l l  s im u la te  th e  b u l l e t  t r a c e  o f  a h igh-speed  f i g h t e r  
a i r c r a f t  engaged in  a i r - t o - a i r  combat. Th is  model w i l l  n e c e s s a r i l y  
be a fu n c t io n  o f  v a r io u s  tim e dependent in p u t  p a ra m e te rs .  The model 
i s  based on d a ta  o b ta in ed  from f l i g h t  s im u la to r s  u s in g  p i l o t s  f l y in g  
a v a r i e t y  o f  engagement maneuvers and s ig h t  system s. These d a ta  were 
o b ta in e d  from th e  McDonnel A i r c r a f t  Company th ro u g h  the  United S ta te s  
A ir  F o rce .
Problems s p e c i f i c a l l y  a s s o c ia te d  w ith  the  development o f  models 
to  s im u la te  the  b u l l e t  t r a c e  o f  an a i r c r a f t  a r e :
1. The model should be a fu n c t io n  o f  the  in p u t  s e r i e s  as a
fu n c t io n  o f  tim e r a t h e r  than  a fu n c t io n  o f  a s e t  of m athe-
2
m a t i c a l  e x p re s s io n s  ( t ,  t  , s in e  t ,  e t c . ) ,  v a ry in g  in  t im e .
A model v a ry in g  w i th  the  a c t u a l  f l i g h t  c o n t r o l  pa ram ete rs  
o f  the  p lane  should be most a b le  to  s im u la te  a c t u a l  combat 
b u l l e t  t r a c e s .
? .  The model canno t be o f  an a u to r e g r e s s iv e  n a tu r e .  The model 
must a c c u r a t e ly  p r e d i c t  the  f i r s t  b u l l e t  l o c a t i o n  a s  w e l l  as  
th e  l a s t ,  th u s  e l im in a t in g  th e  p o s s i b i l i t y  o f  having  r e g re s s e d  
o u tp u t  v a lu e s  t h a t  a r e  r e q u ire d  fo r  an a u to r e g r e s s iv e  model. 
However, the  model can be in p u t  r e g r e s s iv e  in  t h a t  the  p lan e  
has  been f l y i n g  b e fo re  the  f i r i n g  s t a r t e d ,  making a v a i l a b l e  
b o th  p re s e n t  and re g re s s e d  f l i g h t  c o n t r o l  p a ra m e te rs .
3 . The m odeling te ch n iq u e  used cannot assume t h a t  the  in p u ts  
( f l i g h t  c o n t r o l  p a ram ete rs )  a re  n o t c o r r e l a t e d .  The p ro ­
cedure  used must a l lo w  f o r  the  p o s s ib le  - o r r e l a t i o n s  t h a t
4may e x i s t  between the  f l i g h t  c o n t r o l  pa ram ete rs  them selves 
a s  w e l l  a s  between the f l i g h t  c o n t r o l  pa ram ete rs  and the  
b u l l e t  t r a c e .
The scope o f th e  work r e q u i re d  to  develop  r e l i a b l e  models which 
w i l l  s im u la te  the  b u l l e t  t r a c e  o f  a h igh -speed  f i g h t e r  a i r c r a f t  en ­
gaged in  a i r - t o - a i r  combat a r e :
1. The development o f  th e  th e o ry  re q u i re d  to  model the  
above d e f in ed  m u l t i p l e ,  c o r r e la t e d  in p u t - s in g l e  o u tpu t 
system model. A l i t e r a t u r e  search  in  t h i s  a r e a  re v e a le d  
no e x i s t i n g  th e o ry  t h a t  would handle  th e se  systems w ith  
t h e i r  d e f in ed  s p e c i a l  problem s. A m u l t ip le  i n p u t - s in g le  
o u tp u t  s t o c h a s t i c  model i s  shown in  F ig u re  1.
2 .  The in c o rp o ra t io n  o f  th e  th e o ry  in to  a  d i g i t a l  computer 
program t h a t  w i l l  q u ic k ly  and a c c u r a t e ly  an a ly ze  la rg e  
q u a n t i t i e s  o f  d a ta .
3 . The a p p l i c a t i o n  o f  th e  d i g i t a l  computer was used to  
model a la rg e  number o f  documented d a ta  s e t s .  T h is  
p rovided  a means to  v a l i d a t e  the  th e o ry  and computer 
program as  w e l l  as p ro v id in g  models f o r  th e se  d a ta  
s e t s .
INPUT 1 y 











Figure  1. A G enera l M u lt ip le  In p u t-S in g le  Output S to c h a s t ic  Model
CHAPTER I I
BASIC STATISTICAL FUNCTIONS AND DEFINITIONS
T his  c h a p te r  i s  in c lu d ed  t o  d e f in e  and c l a r i f y  te rm s used
th ro u g h o u t  the  fo l lo w in g  c h a p t e r s .  Once d e f in e d ,  they  w i l l  be used
in  l a t e r  c h a p te r s  w ith o u t  f u r t h e r  e x p la n a t io n .
2 .1  EXPECTED VALUE
The e x p ec ted  va lue  o f  a fu n c t io n  i s  s im ply  th e  q u a n t i t y  one
would expac t to  o b ta in  i f  one v a lu e  d e s c r ib e d  by the  f u n c t io n  was
random ly  s e l e c t e d .  I f  th e  s e r i e s ,  Zfc, was d e f in e d ,  th e  ex p ec ted  v a lu e
would sim ply  be th e  mean, Z. A nother example could  be th e  f u n c t io n ,
A. , where A,, can  be d e f in e d  by t  t
I t  can be no ted  t h a t  th e  s e r i e s ,  A. , and Z^, a r e  a  c o l l e c t i o n’ t  * t*
o f  p o i n t s  w hereas c a l c u l a t i n g  th e  expec ted  v a lu e  o f  each  r e s u l t s  in  
a d i s t i n c t  q u a n t i t y  which i s  a n  e s t im a te  o f  th e  mean o f  th e  d e sc r ib e d  
f u n c t i o n .
A v e ry  b a s i c  d e f i n i t i o n  i s  the  mean o f  a s e r i e s .  I f  one con­
s i d e r s  th e  s e r i e s ,  Z^ _, h av ing  v a lu e s  from t  e q u a l  1 t o  N, th a n  th e  
mean, Z, can be d e f in e d  by
(2 . 1)
th e n  th e  expec ted  v a lu e  i s
(2 . 2 )
2 .2  MEAN
[zt ] = J ZP(Z)dZ (2 .3 )
where E^Z^j i s  the  expec ted  v a lu e  o f  Z over th e  e n t i r e  time s e r i e s
6
7and P(Z) i s  th e  p r o b a b i l i t y  of Z o c c u r r in g .  The mean o f a d i s c r e t e  
s e r i e s  can be e s t im a ted  by
Z, + Z0 + Z , + . . . + Z„ . N
 * H  s 4  £  z t  <2 -4 >
The mean d e f in e s  the  l e v e l  about which the  s e r i e s  i s  d i s t r i b u t e d .
2 .3  STANDARD DEVIATION
Another im portan t s t a t i s t i c a l  term  i s  the  s tan d a rd  d e v ia to n .
The s ta n d a rd  d e v ia t i o n ,  a  , m easures the  d i s p e r s io n  o f  a s e r i e s ,  Z ,u C
about I t s  mean, Z* I t  can be d e fined  by
o>
° z  = E[ (z t  " z )2 ]  = I  (z “ z )2  P <Z>dZ <2o5>
-o>
and f o r  d i s c r e t e  fu n c t io n s ,  i t  can be e s t im a te d  by
° z  -  [  *  } ,  CZt - z5T 2 <2 -6 >t= i
2 .4  DETERMINISTIC AND STOCHASTIC SERIES
A tim e s e r i e s  f o r  which fu tu r e  v a lu e s  can  be e x a c t ly  determ ined
by some m a th e m a t i c a l  f u n c t io n  i s  s a id  to  be d e t e r m i n i s t i c .  An ex -
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ample o f  a d e t e r m i n i s t i c  s e r i e s  i s  th e  s e r i e s  g e n e ra te d  by “  t  .
I f  no m a th e m a t i c a l  f u n c t io n  can be found to  e x a c t ly  d e s c r ib e  a
s e r i e s ,  th en  i t  i s  a n o n d e te r m in is t i c  s e r i e s .  A s e r i e s  o f  t h i s  type  
can  be d e sc r ib e d  in  te rm s o f  a p r o b a b i l i t y  d i s t r i b u t i o n  c r e a t i n g  a 
s t a t i s t i c a l  s e r i e s .  A s t a t i s t i c a l  phenomenon t h a t  ev o lv es  in  tim e
8a c c o rd in g  to  p r o b a b i l i s t i c  laws I s  c a l l e d  a s t o c h a s t i c  p ro c e ss .
P robably  no r e a l  system i s  t o t a l l y  d e t e r m i n i s t i c .  There a re  
always some unknown f a c to r s  which d i s r u p t  th e  t r u e  r e l a t i o n s h i p  
between in p u t and o u tp u t .  T h e re fo re ,  many system s must be d e sc r ib e d  
by a s to c h a s t i c  model.
2 .5  STATIONARY AND NONSTATIONARY SERIES
A s t a t i o n a r y  p ro c e ss  i s  a s p e c i a l  c l a s s  o f  s t o c h a s t i c  p ro c e sse s  
based  on the  assum ption  t h a t  the  p ro c e ss  i s  in  a p a r t i c u l a r  s t a t e  o f  
s t a t i s t i c a l  e q u i l ib r iu m .  A time s e r i e s  t h a t  i s  g e n e ra te d  by a 
s t a t i o n a r y  p ro c e ss  has s t a t i s t i c a l  p r o p e r t i e s  ( f o r  example, mean and 
s ta n d a rd  d e v ia t io n )  t h a t  a re  u n a f f e c te d  by a change o f  time o r i g i n  [ 9  ] .  
T ha t i s ;  i f  one has a time s e r i e s  c o n s i s t i n g  o f  1000 s e q u e n t i a l  p o in t s ,  
and i f  th e  mean and s tan d a rd  d e v ia t io n  a re  computed f o r  each group 
o f  100 su cc ess iv e  p o in t s  (1 th rough  100,101 th rough  200,e t c . ) ,  i f  
th e  s e r i e s  i s  s t a t i o n a r y ,  a l l  computed means and s ta n d a rd  d e v ia t io n s  
w i l l  be the  same.
Time s e r i e s  which do not f i t  i n to  th e  above c a te g o ry  a re  r e f e r r e d  
to  a s  n o n s t a t i o n a r y . However, many o f  th e se  s e r i e s  e x h i b i t  homo­
g e n e i ty .  That i s ,  a p a r t  from th e  l o c a l  l e v e l ,  one s e c t i o n  o f  the  
s e r i e s  behaves much l i k e  any o th e r  s e c t i o n .  A n o n s ta t io n a r y  s e r i e s  
can  be made pseudo s t a t i o n a r y  by a p p ro p r ia te  d i f f e r e n c in g  of the  
s e r i e s .
2 .6  DIFFERENCING
D if fe re n c in g  i s  sim ply an o p e ra t io n  a p p l ie d  to  a  n o n s ta t io n a r y  
s e r i e s  to  fo rce  i t  to  become s t a t i o n a r y .  A s e r i e s ,  Zt> can be 
d i f f e r e n c e d  once by ap p ly in g  E q u a tio n  2 .7 ,
9C2.7)
where t  ra n g e s  from 1 to  one l e s s  th a n  th e  t o t a l  number o f  v a lu e s  in
In  a l i k e  f a s h io n ,  th e  second d i f f e r e n c i n g ,  i f  r e q u i r e d ,  would
be
where t  now ra n g e s  from 1 to  two l e s s  th a n  th e  t o t a l  number o f  v a lu e s  
i n  Zfc. When a s e r i e s  i s  d i f f e r e n c e d ,  th e  new s e r i e s  always c o n ta in s  
fewer v a lu e s  th a n  the  o r i g i n a l  s e r i e s .  The number o f  v a lu e s  m iss in g  
i s  e q u a l  to  th e  o rd e r  o f  d i f f e r e n c i n g .
I n  a s i m i l a r  manner, h ig h e r  o r d e r s  o f  d i f f e r e n c i n g  may be 
a c h ie v e d .  However, i t  i s  r a r e  fo r  a s e r i e s  to  be s u b je c te d  to  more 
than  two d i f f e r e n c i n g s , p r i o r  to  b e in g  c o n s id e re d  s t a t i o n a r y .
2 .7  AUTOCOVARIANCE AND AUTOCORRELATION FUNCTIONS
The a u to c o v a r ia n c e  and a u t o c o r r e l a t i o n  fu n c t io n s  a r e  s im ply  
th e  p r o j e c t i o n  o f  a s e r i e s  upon i t s e l f .  They a re  used  to  see  i f  a 
s e r i e s  i s  c o r r e l a t e d  w i th  i t s e l f .  I f  a p a r t i c u l a r  s e r i e s ,  Z^, i s  
c o r r e l a t e d  w i th  i t s e l f  a t  a  tim e inc rem en t o f  5 u n i t s ,  th e n  th e  a u to ­
c o r r e l a t i o n  f u n c t io n  w i l l  e x h i b i t  a peak a t  th e  f i f t h  in c rem en t or 
la g  v a lu e .
The a u to c o v a r ia n c e  betw een and s e p a r a te d  by k u n i t s  o f
tim e  can  be d e f in e d  by
and V i s  s im ply  th e  backward d i f f e r e n c e  o p e r a t o r .
( 2 . 8 )
vz (k )  = c o v [z t , Zt+ k ]  -  E [(Z t  -  Z )(Z t+ k  - Z , J (2 .9 )
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The a u to co v a r ian ce  can be e s t im a te d  by E q u a tio n  2 .10
= -s ( z t  -  2> <2« .k  -  5>t= l
N -k
(2 . 10)
where N r e p r e s e n t s  th e  t o t a l  number o f p o in t s  in  and Z i s  th e  
mean o f  Z^.
The a u t o c o r r e l a t i o n  fu n c t io n  a t  lag  k ,  p ( k ) , can be d e f in ed
b y ,
E [ ( z t -  “z ) ( z t +k -  Z>]
Pz ( k )  = (2 . 11)
and a„  i s  the  s ta n d a rd  d e v ia t io n  of Z , which i s  e q u iv a le n t  tou t
y (0 ) .  The a u t o c o r r e l a t i o n  can then  be w r i t t e n  as E qua tion  2 .1 2 .
u
2 .8  CROSSCOVARIANCE AND CROSSCORRELATION FUNCTION
The c ro s sc o v a r ia n c e  and c r o s s c o r r e l a t i o n  fu n c t io n s  a re  simply
the  p r o j e c t i o n  o f  one s e r i e s  upon a n o th e r  s e r i e s .  They a re  used to
see  i f  two s e r i e s  a re  c o r r e l a t e d  w ith  each o th e r .  I f  a p a r t i c u l a r
s e r i e s ,  X , i s  c o r r e l a t e d  w ith  an o th e r  s e r i e s ,  Y , a t  some tim e la g ,  t  t
k ,  then  th e s e  two fu n c t io n s  w i l l  e x h i b i t  a  peak a t  k.
The c ro s sc o v a r ia n c e  between the  two s e r i e s  and Y a t  lag  k i s  
d e f in ed  by
Y7 ( k )
P (k)  -----
YZ (*»
(2 . 12)
YXY(k) = E[(Xt  " X) (Yt+k ’  Y)]
(2 .1 3 )
Yy x ( k )  -  E [ ( Y t  -  Y )  (X t+fc -  X ) ]
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The c ro s sc o v a r ia n c e  can be e s t im a te d  by
N-k
- N t£i (xt - 5> <Vk • 5>
, N-k ( 2 ' 14>
YYX(k > = N tS l  <Yt  -  5) <Xt +k - X>
where N i s  th e  number o f  p o in ts  in  e i t h e r  s e r i e s .  Another u s e f u l  
r e l a t i o n s h i p  fo r  c ro s sc o v a r ia n c e s  can be d e f in e d  by E qua tion  2 .1 5 .
YXY(_k) = YYX(k) ( 2 ' l5)
The c r o s s c o r r e l a t i o n  fu n c t io n  between th e se  same two s e r i e s  a t  
lag  k can be d e f in e d  by
E[(X - X) (Y - Y)] 
PxY( k ) ---------- ------------------------------
V y
(2 .1 6 )
_  E[(Y -  Y) (Xt + k -  X)]
P w W  = -------------------------------------YX
Vy
where ff and a re  the  s ta n d a rd  d e v ia t io n s  o f  the  r e s p e c t iv e  s e r i e s ,
A  X
The c r o s s c o r r e l a t i o n  f u n c t io n  can be e s t im a te d  by 
N-k
n . til <xt - x> <Yt+k -
’ ------------ 7 7 Z -----------------“ V v
(2 .1 7 )
N-k
PYX(k > “




(2 .1 8 )
I t  i s  easy  to  n o te  from the  above nom enclature  th a t  Is
sim ply th e  a u to c o v a r ia n c e  a t  lag  k. The au to co v a r ia n c e  and c r o s s ­
c o v a r ian c e  a re  the  two most im p o r tan t  f u n c t io n s  fo r  i d e n t i f y in g  
m u l t ip le  i n p u t - s i n g l e  o u tp u t  tim e s e r i e s  m odels.
2 .9  LINEAR DIFFERENCE MODEL
A l i n e a r  d i f f e r e n c e  model as i t  w i l l  be used  in  the  fo l lo w in g  
th e o ry  p e r t a i n s  to  a model based on w eighted  p r e s e n t  and p a s t  v a lu e s  
o f  the  in p u t s ,  a c o n s t a n t ,  and a  s t o c h a s t i c  n o is e  term. The b a s ic  
eq u a t io n  fo r  a two in p u t - s in g l e  o u tp u t  model would be ,
s e r i e s ,  A i s  th e  c o n s t a n t ,  and p and q a re  th e  o rd e rs  o f  the  system . 
E qua tion  2 .19  can be w r i t t e n  in  a  sh o r te n ed  v e r s io n  by use o f  a 
V^(B) o p e ra to r  e q u a t io n  as d e f in e d  by
+ Nfc + A (2 .1 9 )
components a re  sim ply  w e ig h ts ,  N i s  a s t o c h a s t i c  n o isewhere the  V
. V Bi (2 . 20)
i> j
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where 1 I s  th e  p a r t i c u l a r  o p e r a to r  b e in g  c o n s id e re d  and i s  n o rm a lly  
th e  same as  the  number o f  th e  in p u t  b e in g  o p e ra te d  upon, j  i s  the  
o rd e r  o f  t h e  o p e r a t o r ,  and B i s  d e f in e d  as  th e  backward s h i f t  o p e r a to r  
as d e f in e d  by E q u a tio n  2.21-.
B Xt  -  Xt - 1
(2 .2 1 )
bV  -  x ,t  t - n
With th e  u s e  o f  E q u a tio n s  2 .20  and 2 .2 1 ,  E q u a t io n  2 .1 9  can be w r i t t e n  
as
Yt  = Vx (B) Xt  + V2 (B) + Nt  + A (2 .2 2 )
2 .1 0  REGRESSION ANALYSIS
A r e g r e s s i o n  a n a l y s i s  i s  an a n a l y s i s  in  which a  p a r t i c u l a r  
pa ram ete r  i s  indexed ov e r  a s e t  o f  v a lu e s  i n  o rd e r  to  o b ta in  a b e s t  
s o l u t i o n .  I n  p a r t i c u l a r ,  th e  r e g r e s s i o n  a n a ly s i s  a p p l ie d  in  t h i s  
work i s  on th e  o rd e r  o f  th e  V^ (B) o p e r a t o r s .  Each o p e ra to r  i s  r e ­
g re s se d  i n  t u r n  from a s e t  h igh  v a lu e  to  a s e t  low v a lu e .  T h is  i s  
done u n t i l  a g lo b a l  s e a rc h  o f  a l l  p o s s ib l e  o p e r a to r  com bina tions  
between t h e  h ig h e r  and lower l i m i t s  f o r  each in p u t  a r e  c o n s id e re d  
and th e  co m b in a tio n  o f  o p e ra to r  o r d e r s  r e s u l t i n g  i n  th e  low est r o o t  
mean sq u a re  e r r o r  i s  s e l e c t e d  as th e  o rd e r s  f o r  th e  model.
T h is  i s  a p a r t i c u l a r l y  u s e f u l  method f o r  d e f i n i n g  th e  o p e r a t in g  
o rd e r s  s in c e  an a n a l y s i s  o f  t h i s  type  can  be done i n  a s h o r t  t im e  on 
a computer and i t  e l i m i n a t e s  th e  problem  o f  g u e s s in g  th e  o p e r a to r  
o r d e r s .  However, i t  i s  n e c e s sa ry  to  s e l e c t  th e  upper and lower l im i t s  
so t h a t  th e y  b ra c k e t  th e  p e rm is s ib le  ran g e  o f  the  o r d e r s .
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2.11 ROOT MEAN SQUARE ERROR
The r o o t  mean square  e r r o r  1b an e r r o r  f u n c t io n .  I t  I s  u s e f u l  In  
check ing  th e  perform ance  o f  a modeled s e r i e s  v e r s u s  an a c t u a l  s e r i e s .  
Th is  in  t u r n  i s  an e s t im a te  o f  th e  e f f e c t i v e n e s s  o f  a model.
T h is  e r r o r  f u n c t io n  computes a  number which i s  r e p r e s e n t a t i v e  o f 
the  av e rag e  e r r o r  over th e  e n t i r e  ra n g e  of the  s e r i e s .
2 .12  MINIMIZATION TECHNIQUES
M in im iz a t io n  te c h n iq u e s  a re  a lg o r i th m s  which seek  th e  pa ram ete rs  
t h a t  e x tre m iz e  a d e f in e d  c o s t  f u n c t i o n .  In  th e  tim e  s e r i e s  model, th e  
V o p e r a to r  w e ig h ts  a r e  th e  p a ra m e te rs  which a r e  o p t im iz e d  in  o rd e r  to  
minimize t h e  r o o t  mean square  e r r o r .
The m in im iz a t io n  r o u t i n e  used  was b a s i c a l l y  th e  method as de­
s c r ib e d  by M. J .  D. Pow ell [1 0 ] ,  I t  i s  a c o n to u r  t a n g e n t  e l im in a t io n  
method r a t h e r  th a n  a d e r i v a t i v e  method. The c o n to u r  ta n g e n t  e l im i ­
n a t io n  m ethods r e l y  upon use  o f  th e  l o c a l l y  measured ta n g e n t  to  the  
perfo rm ance  co n to u r  as a boundary e l i m i n a t i o n .  The s e a rc h  a r e a  i s  
d e c re a se d  v e ry  q u ic k ly  by each new ta n g e n t  g e n e ra te d  s in c e  th e  i n f o r ­
m ation from a l l  p a s t  t a n g e n t s  i s  in c o r p o r a te d  w i th  each  new ta n g e n t .  
The r e a d e r  i s  r e f e r r e d  to  r e f e r e n c e  [10 3 fo r  a  d e t a i l e d  d e s c r i p t i o n  
o f  th e  m in im iz a t io n  te c h n iq u e .
*
G iven an  a c t u a l  s e r i e s ,  Z^, and i t s  modeled s e r i e s ,  Zfc, th e  r o o t  
mean sq u a re  e r r o r  would be
N
R .M .5 .E . * ( ( t = l (2 .2 3 )
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MULTIPLE INPUT- SINGLE OUTPUT MODEL DEVELOPMENT THEORY
In  a m u l t ip l e  in p u t -  s i n g l e  o u tp u t  sy s tem , th e  problem o f  d e ­
v e lo p in g  th e  a p p r o p r i a t e  th e o r y  i s  co m p lica ted  by the  p o s s ib le  c r o s s - 
c o r r e l a t i o n s  which may e x i s t  be tw een th e  v a r io u s  Lnputs a s  w e l l  a s  b e ­
tween each  in p u t  and the  o u tp u t .  The th e o ry  developed  in  the  fo l lo w in g  
p a rag rap h s  i s  f o r  n i n p u t s ,  which may o r  may n o t  be c o r r e l a t e d  w i th  each 
o t h e r ,  and a s in g l e  o u tp u t .  As in  a l l  a c t u a l  sy s tem s , th e  problem  i s  
co m p lica ted  by th e  p resen ce  o f  n o i s e ,  Nt , which i t  i s  assumed, c o r r u p t s  
th e  t r u e  i n t e r a c t i o n  betw een in p u t  and o u tp u t .  I n  th e  i n t e r e s t  of 
s i m p l i c i t y  and c l a r i t y ,  th e  model can be s t r u c tu r e d  a s  a l i n e a r  
com bina tion  o f  th e  in p u ts  a s  w e l l  a s  a s t o c h a s t i c  n o i s e  i n p u t .  T h is  
w i l l  a id  in  th e  s o l u t i o n  s in c e  i f  a n o n l in e a r  model was assumed, some 
i n i t i a l  s e r i e s  r e l a t i o n s h i p s  would have to  be known. Of c o u r s e ,  in  
t h i s  s e n s e ,  a l i n e a r  com bina tion  does n o t  n e c e s s a r i l y  imply a s t r a i g h t  
l i n e  r e l a t i o n s h i p .  As w i l l  be e x p la in e d  l a t e r ,  q u i t e  f r e q u e n t ly  th e  
s e r i e s  must be d i f f e r e n c e d  to  o b t a in  a s o l u t i o n .
The r e l a t i o n s h i p  betw een i n p u t ,  o u tp u t ,  and n o is e  i s
(3 .1 )
w here , Y i s  th e  o u tp u t ;  X. a r e  th e  tim e dependen t i n p u t s  from 1t  1 y t
th ro u g h  n; Nfc i s  the  n o i s e ,  and V ^ B )  a re  l i n e a r  backward s h i f t
o p e r a t o r s .  That i s
(3 .2 )
where B, the  backward s h i f t  o p e r a to r  i s  d e f in e d  by
15
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( 3 .3 )
The model d e sc r ib e d  by  E quation  3 .1  can be v i s u a l iz e d  In 
F igure  2 .
The f i r s t  s te p  in  develop ing  th e  model pa ram ete rs  i s  to  check fo r  
s t a t i o n a r i t y  o f  th e  in p u t  s e r i e s  and ou tp u t  s e r i e s .  I f  the s e r i e s  a re  
not o r i g i n a l l y  s t a t i o n a r y ,  they  can be made s t a t i o n a r y  by a p p ro p r ia te  
d i f f e r e n c i n g .  I t  m ight be noted t h a t  i t  i s  no t n ece s sa ry  to  d i f f e r e n c e  
a l l  s e r i e s  the  same. For example, one s e r i e s  may t u r n  out to  be 
s t a t i o n a r y  and would no t r e q u i r e  d i f f e r e n c i n g ,  whereas the o th e r  s e r i e s  
may r e q u i r e  d i f f e r e n c i n g .  A l l  s e r i e s  must be s t a t i o n a r y  i f  th e  model 
i s  to  be used fo r  p r e d i c t i v e  p u rp o ses .
Expanding the  V^(B) o p e ra to r s  in  E quation  3 .1 ,  the  e q u a t io n  then 
becomes,
M u l t ip ly in g  through Equation  3 .4  by the  v a lu e s  o f the X^ ^ s e r i e s  












FIGURE 2. AN ri I N P U T - S I N G L E  OUTPUT  
STOCHASTIC  MODEL
I n  b o th  e q u a t i o n s  3 .4  and 3 . 5 ,  th e  nu index  i s  s im ply  th e  l a s t
s i g n i f i c a n t  v a l u e .  I t  w i l l  l a t e r  be e s t a b l i s h e d  how t h i s  v a lu e  o f
can  r e c u r s i v e l y  be o b t a in e d .  In  th e  e q u a t io n s  to  fo l lo w ,  th e  index  
on m i s  n o t  l i s t e d  due t o  th e  number o f  a d d i t i o n a l  s u b s c r i p t s  in v o lv e d .  
However, i t  must be remembered th a t  m, th e  o r d e r  o f  th e  V^(B) o p e r a t o r s ,  
i s  n o t  n e c e s s a r i l y  th e  same v a lu e  f o r  a l l  i n p u t s .
Taking e x p e c te d  v a lu e s  o f  a l l  te rm s  i n  E q u a t io n  3 . 5 ,  one o b t a in s
= Vl , 0YX1X1 ^k ^ +  Vl , l VX1X1 ( k " 1  ^ +  ** '  +  Vl , m YX1X l t k - m  ^ +
+  V2 , 0YX1X2 ^k ^ +  +  * * ’ +  V2 ,mYX1X2 ( k "m  ^+
(3 .6 )
+ Vn , 0 V x  <k> + V n , l V x  + + V n , m V x  ^ ra>*I n  I n  i n
One can now m u l t i p l y  th ro u g h  E q u a t io n  3 ,4  by  th e  v a lu e  o f  th e
X_ s e r i e s  a t  l a g  k .  The r e s u l t i n g  e q u a t i o n  i s  v e r y  s i m i l a r  to  2 ,  t
E q u a t io n  3 . 5 .
Taking  expected v a lu es  o f  a l l  te rms in Equation 3 . 7 ,
VX2¥ ( k )  = Vl , 0VX2X1 (k )  +  Vl , l ' V 1 ( k ‘ 1) +  +  Vl,l» YX2X1 ( k ' 1“ )  +
+ V2,0YX2X2(k) + V2,lYX2X2(k-1> + -  + V2,mYX2X2(k-m> +
(3 .8 )
+  Yn ,0 YX„X <k> +  V x V x  (k - k> + -  +  V - V  (k -"‘>-2 n 2 n * 2 n
By look ing  a t  Equat ions  3 .6  and 3 . 8 ,  i t  i s  e a sy  t o  note what t h e
o t h e r  f i n a l  e q u a t io n s  Would be i f  E qua t ion  3 .4  was m u l t i p l i e d  th rough
by each o f  th e  remain ing  i n p u t s ,  X^ th rough  Xn> a t  l a g  k and expec ted
v a lu e s  were then t a k e n .  The r e s u l t  would be a system o f  n e q u a t io n s
s i m i l a r  to  Equat ions  3 .6  and 3 .8  c o n t a i n i n g  n t imes m +  1 unknown
V p a ra m e te r s .  Because t h e r e  a r e  more unknowns t h a n  equ a t io n s ,  
y J
some method f o r  g e n e r a t in g  th e  a d d i t i o n a l  n t imes m e q u a t io n s  i s  
r e q u i r e d .  A system o f  m + 1 e q u a t i o n s  can be developed  f o r  each o f  
the  i n d i v i d u a l  n e q u a t i o n s  by v a ry in g  th e  value of k .  That i s ,  u s in g  
Equa t ion  3 .6  as  an example,  i t  can be expanded to  m + 1 equa t ions  by
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a l low ing  the  l a g ,  k,  to  take  on v a lu e s  of 0 through m. For example,  the  
eq u a t io n  f o r  lag equa l  zero  would be ,
= V1 , 0YX1X1 ^°^ +  Vl , l YXi X1^ " 1  ^ +  “ ■ +  Vl ,raVX1X1 ^ m  ^ +
+  V2 , 07X1X2 ( 0  ^ +  V2 , 1YX1X2 ( " 1  ^ +  *** +  V2 ,mYX1X2 C“m  ^ +
(3 .9 )
+  Vn ,0 YX X ^  + V n , l YX1X + *** + Vn,m*X^XI n  ’ I n  ’ I n
The e q u a t i o n  f o r  lag  m would b e ,
= vl,o Yx lX l(,"> + v i , i Yx1x1<"-1> + -  + v i,„ Yx1x 1<0) + 
+ V2,0YX1X2<”’ +V2,lYX1X2<“-« + -  +V2,mYXlX2(0) +
(3 . 10)
+ V„,0YX.X (m) +Vn,lYX.X (m-l) + ••• +Vn,JxnX (0)‘ ’ I n  ’ I n  ’ I n
By o b se rv in g  Equat ion  3 . 9 ,  i t  i s  noted t h a t  t h e r e  a re  n e g a t i v e  lag
v a l u e s .  These va lues  can be e a s i l y  computed by  u s in g  the  fo l lo w in g
i d e n t i t y :
Vx.(t> =Yx.x.(-k) <3 -u>
i  J J i
Since the  same number of  e q u a t io n s  can be w r i t t e n  a s  unknowns in
the  e q u a t i o n s ,  the  system can  be so lved  f o r  the  unknown V, , w e ig h ts .
S J
I t  i s  im por tan t  t o  n o te  t h a t  by g e n e r a t i n g  the  e q u a t io n s  r e q u i r e d  to
21
so lve  f o r  th e  unknown V pa ram ete rs  by t h i s  method, the  assumption
1 » J
has been made t h a t  t h e s e  a re  independent e q u a t i o n s .  That i s ,  both 
the  f u n c t io n s  as d e f in e d  by Equat ions  3 .6  and 3 .8  as w e l l  as t h e i r  
s h i f t e d  v a lu e s  a re  independen t .  Th is  assumption must be t r u e  or 
the  c o e f f i c i e n t  m a t r ix  would be s i n g u l a r .  For the  c o e f f i c i e n t  mat r ix  
to  be n o n - s i n g u l a r , i t  i s  only n eces sa ry  f o r  th e  de te rm inan t  of t h a t  
m a t r ix  to  be non-ze ro .
To c l a r i f y  the  s o l u t i o n ,  the  e q u a t io n s  can  now be s e t  up in 
p a r t i t i o n e d  m a t r ix  form.
X.X, 
i  j




YX X ^  YXX,^ ■ ■ ' YX X
Yx x (2> Yx x (1) ' ' ‘ YX X
i  j i  j
(3 .12)
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With th e  use  o f  the  m a t r i c e s  d e f in e d  by Equat ions  3 .12 ,  3 . 1 3 ,  and 
3 .1 4 ,  Equat ion  3.15 can now be w r i t t e n .  I t  I s  an n X (m + 1) o rde r  
system having th e  same number o f  eq u a t io n s  as unknowns. Th is  system 
can  r e a d i l y  be so lved  by e x i s t i n g  computer a lg o r i t h m s .  Once so lved ,  
i t  w i l l  g ive  the  e s t i m a t e s  o f  t h e  V paramete rs  r e q u i r e d  i n  Equa t ion  3 .1 ,  
I t  can be r e a d i l y  noted t h a t  Equation 3 .1  as  e x i s t s  does not 
p ro v id e  fo r  th e  p o s s i b i l i t y  o f  a s h i f t  i n  the  d a t a - - t h a t  i s ,  some 
c o n s t a n t  va lue  A, by which a l l  o u tp u t  v a lu es  a r e  m odif ied .  Equa t ion
3 .1  can be modif ied  to  a l low f o r  t h i s  p o s s i b i l i t y  by th e  a d d i t i o n  of 
a c o n s t a n t  te rm ,  A, which can be so lved  f o r  and may or may n o t  be zero .  
The eq u a t io n  then  becomes,
Yc= VB>xi,t + VB)x2 .t + • ■ ■ + VB>xn.t + A + Nt (3-16>
The e q u a t io n  can  be condensed f u r t h e r  as 
n m
Y„ = E E V. .X. , + A + N (3 .17)
t  ^  j _ 0 i . J  i . t - J  t
The va lue  o f  A can  be found as the  mean o f  th e  d i f f e r e n c e  between 
th e  a c t u a l  s e r i e s  and the  g e n e r a te d  s e r i e s  w i th o u t  the  n o i s e ,  Nt , and 
c o n s t a n t ,  A. Th is  d i f f e r e n c e  makes up the new s e r i e s  
n m
Y' = Y -  2 2  V X (3 .18)
t  1=1 j=0 1 ’J i »t  J
The va lue  o f  A i s  then  simply
N n m -
E S s  V. .X .
_  , t —m+l 1 = 1 1=0A = Y = ±=^£1-------------------1=1-----------------------------------  (3.1.9)
t  N -  m - 1
where N i s  the  number of d a t a  p o i n t s  and m i s  the  maximum o rd e r  o f  the 
V o p e r a t o r s .
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A l l  terms i n  E qua t ion  2 .16  have now been d e r iv e d  excep t  the  no ise
s e r i e s ,  N^. Th is  s e r i e s  can be g en e ra ted  by a random number g e n e r a to r
and th e n  modif ied  by a f i l t e r  which in  t h i s  case  i s  simply the  s tanda rd
d e v i a t i o n  of Y*.t
The s tan d a rd  d e v i a t i o n  can be o b ta in e d  by
f  N
S tandard  D e v ia t io n  Nt  = f t=m+l ^ t  "  ^ /  (N - m - 1 )J  (3 .20)
F i n a l l y ,  i t  i s  n e c e s s a r y  to  e s t a b l i s h  the v a lu e  o f  m which i s  the
o rd e r  o f  the  h i g h e s t  n e c e s sa ry  V p a ram ete r .  Th is  i s  done by assuming 
m to  be o f  an o rde r  h ig h e r  than  n e c e s s a r y ,  making th e  c a l c u l a t i o n s ,  
then  obse rv in g  th e  r o o t  mean square  e r r o r  o f  the  modeled s e r i e s .  Then, 
r e g r e s s  by assuming a l e s s e r  va lue  o f  m and go th rough  the  same 
p ro c e d u re .  I f  th e  r o o t  mean square  e r r o r  o f  th e  l e s s e r  o rd e r  model 
does no t  s i g n i f i c a n t l y  change from th e  v a lu e  of  t h e  h ighe r  o rd e r  sys tem, 
then  i t  i s  b e t t e r  to  use  t h e  s im p le r ,  lower o r d e r .  The procedure  i s  
th e n  r e p e a t e d  u n t i l  a g l o b a l  s ea rch  o f  a l l  o rd e r s  w i t h i n  the  s p e c i f i e d
upper and lower o rd e r  l i m i t s  i s  comple te .  The ones r e s u l t i n g  i n  the
lowest r o o t  mean square  e r r o r  a re  t h e n  s e l e c t e d  as  th e  b e s t  model 
o r d e r s .  This  p rocedu re  w i l l  e s t a b l i s h  t h e  lowest  o rd e r  t h a t  w i l l  
a d e q u a te ly  model th e  sys tem.
I t  can be noted t h a t  th e  th eo ry  as  developed simply  r e s u l t s  in  
a  l i n e a r  l e a s t  squares  s o l u t i o n  f o r  t h i s  p a r t i c u l a r  problem. L eas t  
squa res  s o l u t i o n s  were f i r s t  fo r m a l ly  proposed by Gauss (G auss ' s  
Theorem o f  L e a s t  Squares) and has been a  t r i e d  and proven method to  
generate systems o f  l i n e a r  eq u a t io n s  [ l l ] ,  where a  minimum o f  th e  
sq u a res  o f  two s e r i e s  a re  d e s i r e d .  In  t h i s  a n a l y s i s ,  i t  was de-
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s i r e d  t h a t  a minimum e r r o r  e x i s t  between the  o r i g i n a l  s e r i e s  and the 
modeled s e r i e s  as  d e f ined  by th e  r e s i d u a l  e r r o r  s e r i e s ,  Equat ion  3 .18 .  
One could  have j u s t  as  e a s i l y  used a minimum l e a s t  square  e r r o r  fo r  
t h i s  a n a l y s i s .
N „ N / n m
E r r o r  « E 
t = l
/ 2 ^  t n m . _
(Y ) = E IY - 2  E V X Y  (3 .21)
t - 1  i = l  j=0
To minimize th e  above e r r o r ,  i t  i s  n e ce s sa ry  t h a t  the  f i r s t  p a r t i a l
o f  th e  e r r o r  w i th  r e s p e c t  to  the  V c o e f f i c i e n t s  be s e t  t o  ze ro .
> J
That i s ,
a a < f r o r > = 0 (3 .22)
r , s
Taking  th e  p a r t i a l  as de f ined  by Equa t ion  3.22 r e s u l t s  in
t - i  r ’ t ' 8
(y  - Z Z V X )  = 0 (3 .23 )
i = l  j  =0 ’ 3
and w i th  f u r t h e r  s i m p l i f i c a t i o n ,
N N n m
E X .  Y. = E X  E E V. ,X
t = l  r - t ' s c t = l  r "t ' a i= l  j - 0  l l J  1>t' J
(3 .24)
N n m N
S X  ^ Y = E E V. . E X  X
t=l  r »t -s  t i=i  j=:0 t= l ’ 1 J
where r  ranges  from 1 to  n and s ranges  fran 0 to  m thus  g iv in g  n
times  m + 1 e q u a t i o n s .  Equa t ion  3 .24  i s  e s s e n t i a l l y  the  m a t r ix
Equa t ion  3 .15 .  The d i f f e r e n c e  between Equa t ion  3.15 and 3 .24  i s  t h a t
the  c o e f f i c i e n t  m a t r ix  i s  d e f in e d  in  terms of  c r o s s c o v a r i a n c e s  and
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a u to c o v a r i a n c e s  i n  Equat ion  3 .15 .
Since the  l e a s t  sq u a re s  approach does  r e s u l t  i n  a  minimum e r r o r ,
the  V p a ram ete rs  as d e f in e d  by E q u a t io n  3.15 a re  th e  ones r e -  
> J
s u i t i n g  i n  th e  minimum p o s s i b l e  l e a s t  s q u a r e s  modeling e r r o r .
I t  should  be noted t h a t  in  some i n s t a n c e s  i t  may be d e s i r a b l e  
to  use  a d i f f e r e n t  e r r o r  c r i t e r i a  for  model ing ,  such a s  average e r r o r ,  
mini-max e r r o r ,  or some form o f  weighted e r r o r  f u n c t i o n .  Then the  
d e r i v a t i v e  o f  the  e r r o r  f u n c t i o n  with r e s p e c t  to th e  unknown V paramete rs  
would not r e s u l t  i n  the staple s e t  of e q u a t i o n s  as d e f in e d  by Equat ion  
3 .2 4 ,  and th e  V parameters  aB defined by Equations  3 .1 5  or  3.24 would 
n o t  n e c e s s a r i l y  r e s u l t  i n  t h e  minimum e r r o r .  However, these  V 
pa ram ete rs  should  be c lo s e  and could s e r v e  as I n i t i a l  e s t im a te s  fo r  
a m in im iza t io n  r o u t i n e  hav ing  the d e s i r e d  e r r o r  c r i t e r i a  as i t s  c o s t  
f u n c t i o n .  The m in im iza t ion  ro u t in e  sho u ld  then f i n d  t h e  a c t u a l  V 
param ete rs  r e s u l t i n g  in  th e  minimum e r r o r  as  def ined  by the e r r o r  
f u n c t io n .
Summarizing the  s t e p s  necessa ry  to  develop  th e  model based on 
t h e  theory  a r e :
1) Force t h e  s e r i e s  t o  become s t a t i o n a r y  by a p p r o p r i a t e  r e ­
pea ted  d i f f e r e n c i n g  i f  n e ce s sa ry .
2) Set up the  system o f  equat ions  d e f in e d  by E qua t ion  3.15 and 
so lv e  f o r  the unknown V o p e r a t o r s .  The s o l u t i o n  method f o r  
th e  V o p e ra to r s  w i l l  be shown l a t e r .
3) Use t h e  c a l c u l a t e d  V o p e ra to r s  t o  compute t h e  c o n s ta n t  and 
s t a n d a r d  d e v i a t i o n  fo r  the  model by us ing  Equa t ions  3.19 
and 3 .2 0 .
4) Use a r e g r e s s i o n  a n a l y s i s  to  a r r i v e  a t  the  number o f  V 
o p e r a t o r s  t h a t  optimumly model the  s e r i e s .
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In  c o n c l u s i o n ,  t h e  above th e o r y  a l lows  f o r  th e  s o l u t i o n  o f  a 
m u l t i p l e ,  c o r r e l a t e d  i n p u t - s i n g l e  o u tp u t  model.  I t  s i m p l i f i e s  the  
modeling p ro c e d u re  In  t h a t  no p r i o r  knowledge o f  the  s y s t e m ' s  be­
h a v io r  i s  n e c e s s a r y  to  develop  t h e  model.
CHAPTER IV
RESULTS
The th e o r y  and computer program were t e s t e d  on two d i f f e r e n t  
types  o f  d a t a .  The f i r s t  and most e x t e n s iv e  t e s t i n g  was on the 
EXPO I I  d a t a  t a p e s .  These tapes  c o n ta in ed  many t ime s e r i e s  systems 
and the a n a l y s i s  was used to develop  models f o r  each system. The t a p e s  
were genera ted  by u s ing  f l i g h t  s im u la to r s  with  a c t u a l  p i l o t s  a t  the  
c o n t r o l s .  A l l  r e l e v a n t  f l i g h t  p a ram ete rs  were recorded  and t h i s  d a ta  
was then s t o r e d  on the  t a p e s .  The d a t a  was in  the  form o f  s e q u e n t i a l  
time s e r i e s  w i th  d a ta  p o i n t s  each 0 .05  seconds .  S e v e ra l  d i f f e r e n t  
p i l o t s ,  d i f f e r e n t  s i g h t  systems, and a  v a r i e t y  of  e v a s iv e  maneuvers 
were used .  This  d a ta  was genera ted  by th e  McDonnel A i r c r a f t  Company 
and supp l ied  t o  the  a u th o r  by the  E g l i n  Air  Force Armament L ab o ra to ry .
A second t e s t  was conducted on s to c k  market d a t a .  This system 
had s e v e r a l  f e a t u r e s  t h a t  were c o m p le te ly  d i f f e r e n t  from the  EXPO I I  
systems and served  to  f u r t h e r  t e s t  the  t h e o ry ,  program f l e x i b i l i t y ,  
and a ccu racy .
4 . 1  EXPO I I  DATA MODELING
The EXPO I I  d a t a  t h a t  was used c o n s i s t e d  o f  560 f i r i n g  p a ss e s .
The o u tp u t  modeled was t h e  b u l l e t  t r a c e  i n  the  t a r g e t  p l a n e .  This  
b u l l e t  t r a c e  o r  f i r e  l i n e  was the  b u l l e t ' s  l o c a t i o n  p ro je c te d  on a 
p lane  in  space c o n t a i n i n g  the  t a r g e t  a i r c r a f t .  A s im ula ted  f i r e  l i n e  
i s  shown on the  graph in  F igure  3 .  I t  can be noted t h a t  the  f i r e  l i n e  
c o n ta i n s  b o th  X and Y components. T h e r e f o r e ,  i t  was n eces sa ry  to  
model bo th  th e  X b u l l e t  miss  d i s t a n c e  and the  Y b u l l e t  miss  d i s t a n c e  
f o r  each f i r i n g  pass f o r  a t o t a l  of  1 ,120 models.  Lead in  and lead 
ou t  segments were a v a i l a b l e  from th e  s im u la to r  d a ta  and a rc  included
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i n  th e  f i r i n g  pass  so t h a t  s u f f i c i e n t  d a t a  p o i n t s  were  a v a i l a b l e  t o  
d e v e lo p  an a c c u r a t e  model .
Three i n p u t s  were s e l e c t e d  a s  h av in g  the most pronounced e f f e c t  
on the  b u l l e t  t r a c e  o f  a h ig h - s p e e d  f i g h t e r  a i r c r a f t  engaged in a i r -  
t o - a i r  combat .  These i n p u t s  w ere :  (1) range be tw een  the  two a i r ­
c r a f t ,  (2) a t t a c k e r  g e e s ,  and (3) th e  a n g l e - o f f  be tw een  th e  two a i r c r a f t .
TARGET
FIRELINE
F ig u r e  3 .  A S im u la ted  F i r e  Line
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4 .1 .1  PROGRAM PARAMETER INITIALIZING
Because o f  the  l a rg e  volume o f  d a t a  to  be ana lyzed ,  i t  was 
n e ce s sa ry  i n i t i a l l y  to  t e s t  th e  program w i th  a smal l  sampl ing of 
f i r i n g  passes  to f i n d  the  program param ete rs  t h a t  r e s u l t  i n  the 
optimum combination  o f  modeling e r r o r  and consumed computer t ime.
Some pa ram ete rs  checked were:  the  o rd e r  o f  the  V o p e r a t o r s ,  the
o p e r a t i o n  o f  the  r e g r e s s i o n  a n a l y s i s ,  c o n t r i b u t i o n  o f  each i n p u t ,  and 
the e f f e c t  of  the  s t o c h a s t i c  n o i s e  term.
The f i r s t  tw e n ty - f iv e  f i r i n g  passes  from EXPO I I ,  tape  2,  were 
s e l e c t e d  as  a t e s t  ensemble in  o rde r  to  check the  above pa ra m e te r s .  
The average  r o o t  mean square  e r r o r  fo r  the  tw e n ty - f iv e  d a t a  s e t s  was 
used as a method o f  comparing th e  v a r io u s  pa ram e te rs .
To i d e n t i f y  the  h ig h e s t  o rd e r  of  V o p e r a to r s  r e q u i r e d  to  pro­
duce b e s t  r e s u l t s ,  the  o rde r  o f  a l l  o p e r a to r s  were s e t  e q u a l ,  then  
indexed u n i fo rm ly  on odd numbers.  That i s ,  a l l  t h r e e  i n p u t s  were 9et 
to  o rd e r  3 ,  then  the  average  r o o t  mean squa re  e r r o r  was c a l c u l a t e d .  
Th is  p rocedure  was then  r e p e a t e d  fo r  o rd e r s  5 ,  7, 9,  11, 13, and 15. 
F i f t e e n  was taken  as  the  h ig h e s t  o rde r  checked because o f  th e  i n ­
c r e a s i n g  s i z e  o f  th e  c o e f f i c i e n t  m a t r ix .  With th r e e  i n p u t s  and an 
o rd e r  o f  15, the  r e s u l t i n g  system o f  e q u a t io n s  had an o rd e r  of 45.
The r e s u l t s  o f  t h i s  a n a l y s i s  a re  shown on th e  ba r  graphB in  
F igu res  4 and 5. I t  can e a s i l y  be noted t h a t  th e  modeling e r r o r  de­
c reased  c o n s i d e r a b l y  by going to  h ighe r  o rd e r  o p e r a t o r s .  For the  X 
b u l l e t  miss  d i s t a n c e ,  i t  improved from 4 .57  mils  f o r  o r d e r  th r e e  
o p e r a t o r s  to  2 .01  m i l s  f o r  o rd e r  f i f t e e n  o p e r a t o r s .  For the  Y 
b u l l e t  miss d i s t a n c e ,  i t  improved from 3.33 mils  f o r  o rd e r  th ree  




















4  - -
3  - -
2 -
1 - -








FIGURE 4 ROOT MEAN SQUARF ERROR VERSUS NUMBER OF 































FIGURE 5 ROOT MEAN SQUARE ERROR VERSUS NUMBER OF 
OPERATORS FOR THE MODELED Y BULLET MISS DISTANCE LJrs3
33
shown i n  the  b a r  g raphs ,  F ig u re s  4 and 5, c l e a r l y  i n d i c a t e  t h a t  the  
modeling accuracy  improved w i th  h ighe r  o rd e r  o p e r a t o r s .  This t r e n d  
probab ly  would have continued to  o rde rs  even h ighe r  than  15. However, 
due to  the  number of  eq u a t io n s  to  be solved i n  h ighe r  o rder  sys tem s ,
15 was taken  as the  h ig h e s t  p e rm is sa b le  model o rd e r .
Because o f  the  computer t ime involved and the l a rg e  number of 
models to  be developed ,  1120, i t  was decided  t h a t  the  r e g r e s s i o n  
a n a l y s i s  would not be used on a l l  models. The r e s u l t s  o f  the  p r e ­
l im ina ry  r e g r e s s i o n  a n a ly s i s  were used to  s e t  th e  o rd e r  of  a l l  
o p e ra to r s  a t  15. However, a t e s t  of the  e f f e c t  o f  the  complete regression 
a n a l y s i s  on modeling accuracy  was conducted to  i n s u re  t h a t  the  r e ­
g r e s s i o n  a n a l y s i s  does improve th e  modeling accuracy .
To t e s t ,  a  comparison was made of th e  average  r o o t  mean square  
e r r o r  u s in g  9 f ix e d  o p e ra to r s  v e r s u s  the  r e g r e s s i o n  a n a l y s i s  w i th  9 
o p e r a to r s  as th e  upper l i m i t  and 3 o p e r a to r s  as  a lower l i m i t .  I t  
was found t h a t  th e  r e g r e s s i o n  a n a l y s i s  improved the  modeling accuracy  
f o r  bo th  the  X and Y b u l l e t  miss d i s t a n c e s .  The X b u l l e t  miss d i s t a n c e  
was improved from an average r o o t  mean square  e r r o r  o f  3.19 mils  w i th ­
out the  r e g r e s s i o n  a n a ly s i s  t o  2 .58  mils w i th  th e  r e g r e s s i o n  a n a l y s i s .  
The Y b u l l e t  miss d i s t a n c e  was improved from an average  r o o t  mean square  
e r r o r  o f  2 .19  mils  w i thou t  th e  r e g r e s s i o n  a n a l y s i s  to  1.91 m i ls  w i th  
th e  r e g r e s s i o n  a n a l y s i s .  The t e s t  r e s u l t s  i n d i c a t e  t h a t  the  r e g r e s s i o n  
a n a l y s i s  does work and i s  b e n e f i c i a l  in  improving the  modeling 
a c c u r a c y .
The EXPO I I  d a ta  has v e r y  smooth X and Y b u l l e t  miss d i s t a n c e s .  
They e x h i b i t  v e ry  l i t t l e  randomness and appear  to  be almost com ple te ly
34
d e t e r m i n i s t i c .  In  t h i s  r e s p e c t ,  the  EXPO I I  d a t a  d i f f e r e d  from o th e r  
f i r e  l i n e s  an a lyzed  by th e  a u th o r  [1 4 ] .
Due to  t h e  d e t e r m i n i s t i c  n a t u r e  o f  t h e  EXPO I I  d a t a ,  I t  was 
n e c e s sa ry  to  d e te r m in e  i f  th e  s t o c h a s t i c  n o i s e  te rm should be i n ­
c luded  in  the  model.  As d i s c u s s e d  in  Chapter  2 ,  a s e r i e s  i s  d e t e r ­
m i n i s t i c  i f  i t  can  be r e p r e s e n t e d  by some m a th em at ica l  e x p r e s s i o n .
To de te rm ine  i f  t h i s  was t h e  c a s e ,  a po lynom ia l  c u r v e - f i t t i n g  r o u t i n e  
was ap p l ie d  to  the  d a t a  t o  see  how c l o s e l y  i t  co u ld  approximate  i t .
I n  a d d i t i o n ,  t h e  average  r o o t  mean square  e r r o r  was checked by modeling 
w i th  the  n o i s e  te rm in c lu d e d  and w i th  the  n o i s e  te rm ex c lu d ed .  In  
t h i s  a n a l y s i s ,  the  o p e r a t o r s  were a l l  f i x e d  a t  t h e  same o r d e r  and a 
r e g r e s s i o n  was made on o r d e r s  3 ,  5 ,  7,  9,  11, 13, and 15.
R e s u l t s  o f  th e  c u r v e - f i t t i n g  r o u t i n e  i n d i c a t e  t h a t  a m athem at ica l  
e x p r e s s i o n  can  r e p r e s e n t  t h e  d a t a  v e ry  a c c u r a t e l y .  The av e rag e  r o o t  
mean square  e r r o r  f o r  th e  X b u l l e t  miss d i s t a n c e  was 0 .41  m i l s  and 
f o r  the  Y b u l l e t  miss d i s t a n c e ,  0 .15  m i l s .  These  r e s u l t s  a r e  shown 
i n  F ig u res  8 and 9.
The r e s u l t s  o f  the  check by t ime s e r i e s  modeling y i e l d e d  very 
s i m i l a r  v a l u e s .  Again ,  b e s t  r e s u l t s  were o b t a i n e d  f o r  o r d e r  15. 
Comparing the  average  r o o t  mean square  e r r o r  f o r  f i x e d  o p e r a t o r s  o f  
o r d e r  15 y i e l d e d  2 .01  mils  w i th  n o i s e  and 1.93 m i ls  w i th o u t  n o i s e .  
Making the  same compar ison  f o r  th e  Y b u l l e t  miss  d i s t a n c e  y i e l d e d  
1 .41 mils  w i th  n o i s e  and 1.37 rails  w i th o u t  n o i s e .  R e s u l t s  o f  t h i s  
t e s t  can be s een  in F ig u re s  6 and 7.
From t h e s e  r e s u l t s  i t  was de te rm ined  t h a t  the  EXPO I I  b u l l e t  
miss  d i s t a n c e  d a t a  wa6 d e t e r m i n i s t i c ,  and the  t ime s e r i e s  modeling
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te c h n iq u e  should  no t  i n c lu d e  the  s t o c h a s t i c  n o i s e  term.
The o b j e c t i v e  o f  t h i s  work was to d e v i s e  models which would 
s i m u l a t e  the  b u l l e t  t r a c e  o f  a  h igh -speed  f i g h t e r  a i r c r a f t  engaged 
i n  a i r - t o - a i r  combat.  That i s ,  app ly ing  g iv e n  v a lu e s  o f  r a n g e ,  
a t t a c k e r  g e e s ,  and a n g l e - o f f  t o  the  model, i t  would y i e l d  a b u l l e t  
miss d i s t a n c e  One p a r t i c u l a r  problem i n  t h i s  type o f  model ing  i s  
t h a t  when the  model i s  going to  be a p p l i e d ,  t h e r e  a r e  no p a s t  b u l l e t  
miss d i s t a n c e  c o o r d i n a t e s .  T h i s  e l i m i n a t e s  t h e  p o s s i b i l i t y  of  
de v e lo p in g  an a u t o r e g r e s s i v e  model (a  model based  on p a s t  v a l u e s  of  
i t s e l f )  to  r e p r e s e n t  the  d a t a .  Since output differencing r e s u l t s  i n  an 
a u t o r e g r e s s i v e  model,  d i f f e r e n c i n g  was n o t  used  on the  EXPO XI d a t a .
The r e s u l t s  o f  a n a ly z in g  the  t e s t  ensemble  were t h e  b a s i s  f o r  
th e  program p a ra m e te r  s e t t i n g s  used to  a n a ly z e  a l l  560 f i r i n g  p a s s e s .  
These  p a ra m e te r  s e t t i n g s  were:  (1) s e t  a l l  o p e r a t o r s  t o  o r d e r  15,
(2) do no t  a p p ly  th e  r e g r e s s i o n  a n a l y s i s ,  (3)  do n o t  i n c l u d e  the  
s t o c h a s t i c  n o i s e  te rm, and (4) do no t  d i f f e r e n c e  th e  s e r i e s .
4 . 1 . 2  INPUT SENSITIVITY ANALYSIS
A method was developed to  check i f  t h e  assumed i n p u t s  do 
a c t u a l l y  c o n t r i b u t e  to  t h e  o u t p u t .  The models deve loped  f o r  th e  sample 
25 d a t a  s e t s  were  used as a  t e s t  ensemble.  The c o n t r i b u t i o n  o f  each 
in p u t  was checked by computing th e  average  r o o t  mean s q u a r e  e r r o r  
u s in g  the  deve loped  models w i th  minor m o d i f i c a t i o n s .  The models were 
m odif ied  by e x c lu d i n g  a l l  te rms c o n t a i n i n g  t h e  i n p u t  t o  be checked.
By modify ing  th e  models i n  t h i s  manner, t h e  computer av e rag e  r o o t  
mean square  e r r o r  i s  a  good r e p r e s e n t a t i o n  o f  th e  s e n s i t i v i t y  o f  the  
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squa re  e r r o r  i s  low, t h a t  p a r t i c u l a r  i n p u t  has l i t t l e  e f f e c t  on t h e  
o u t p u t .  I f  the  average  r o o t  mean s q u a r e  e r r o r  i s  h ig h ,  th e n  t h a t  
inpu t  c o n t r i b u t e d  c o n s i d e r a b l y  to  t h e  o u tp u t .
I t  was found t h a t  the  inpu t  o f  range  had t h e  moat e f f e c t  on 
th e  b u l l e t  miss d i s t a n c e .  The i n p u t ,  a t t a c k e r  g e e s ,  had t h e  l e a s t  
e f f e c t  o f  t h e  t h r e e  assumed i n p u t s .  However, a l l  t h r e e  c o n t r i b u t e d  
s u b s t a n t i a l l y  to  the  o u tp u t .  A b a r  g ra p h  showing th e  r e s u l t s  o f  t h i s  
t e s t  i s  shown in  F ig u r e  10. In  t h i s  f i g u r e ,  the  r e l a t i v e  r o o t  mean 
square  e r r o r  i s  shown f o r  the  t h r e e  i n p u t s  f o r  b o th  the  X and Y 
b u l l e t  m iss  d i s t a n c e  models .
A t e s t  of t h i s  ty p e  e l i m i n a t e s  th e  need f o r  th e  i n v e s t i g a t o r  
to  d e te r m in e  e x a c t ly  which in pu ts  c o n t r i b u t e  s u b s t a n t i a l l y  to  a 
p a r t i c u l a r  o u tp u t .  One mere ly  i n c l u d e s  a l l  i n p u t s  t h a t  a r e  s u sp e c ted  to 
a f f e c t  t h e  o u t p u t ,  d e v e lo p s  the  model,  t h e n  checks t h e  s e n s i t i v i t y  o f  
t h e s e  i n p u t s  to  the  model.  I f  some o f  th e  i n p u t s  c o n t r i b u t e  ve ry  
l i t t l e  t o  t h e  o u t p u t ,  e l i m i n a t e  t h e s e  i n p u t s ,  then  deve lop  a  new 
model by u s i n g  the  r e m a in in g  i n p u t s .  Th is  t e s t  i n s u r e s  t h a t  on ly  th e  
most im p o r ta n t  in p u t s  a r e  inc luded  i n  t h e  model.
4 .1 .3  PLOTS AND RESULTS OF SEVERAL FIRING PASSES
Computer p l o t s  o f  the  modeled s e r i e s  compared t o  t h e  o r i g i n a l  
d a t a  were used as t h e  method to  v i s u a l l y  d i s p l a y  th e  r e s u l t s .  Two 
documented f i r i n g  p a s s e s  a r e  shown and d i s c u s s e d  i n  t h i s  s e c t i o n .
P l o t s  o f  a d d i t i o n a l  f i r i n g  passes  a r e  shown i n  t h e  appendix .
ENGAGEMENT 96, BURST 4
Engagement 96,  B u r s t  4,  c o n t a i n e d  65 d a t a  p o i n t s .  The a t t a c k e r  
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range  was 1,350 f e e t ,  average  a n g l e - o f f  23 .5  d e g r e e s ,  and average  
a t t a c k e r  gees 4 .15  f o r  t h e  b u r s t .
The e q u a t io n s  f o r  t h e  X and Y b u l l e t  miss d i s t a n c e  as a f u n c t io n  
o f  t ime ( t ) ,  range  (X^), a t t a c k e r  gees  (X^) , and a n g l e - o f f  (X^) , as 
d e r iv e d  by th e  t ime s e r i e s  a n a l y s i s  a r e :
Xt  ■ '  ° - 16X1>t-2  - ° - WXl , t - 3
'  ° - 16Xl , t - 4  + ° - 07Xl , t - 5  -  0 ' 24Xl , t - 6  '  ° - 07Xl , t - 7
+ 0 ' 07Xl , t - 8  " ° - 17Xl , t - 9  + ° - 20Xl , t - 1 0  + ° - 30Xl , t - U
+ ° - 01Xl . t . l 2  + ° - 62Xl , t - 1 3  -  l -58xl , t , U  -  84 ' 47X2 , t
+ 5 6 -22X2 , c- 1 + 79 ' 91X2 , t . 2  + 7 ' 02X2 , t - 3  + 8 - 19X2 , t . 4 3' 2SK2,t-5 
+  12.67X2 t . 6 +  3.03X2 j t> 7  -  3.95X2 t . 8 +  S . I S X ^ . ,
-  9 -80X2,C-10 '  l 3 - 8D!2 , t - U  + 0 *74X2 , t -  12 -
+ 7 ‘ 97X2 , t - 1 4  +  139-3X3 , t  -  9° - 9X3 , t - l  '  U - 9X3 , t - 2  
10.2X3 t 3  - 8.1X3 c _4 +  12.4X3 t _5 -  12.5X3>t_ 6
2 *8X3 , t - 7 +  ° ' 7X3 , t - 8  " 2 l ' 4X3 , t - 9  + 18 ' 6X3 , t - 1 0  
+  36.1X3 t _ 1 1  + 12.9X3>t  l2  +  5 7 -8X3 | t _ 13 -  148.5X3>t_ u
+ 333.0 (4 .1 )
Y„ = 1.28X, . -  0.25X. „ , +  0.05X, „ ,  + O.02X, „ - t  l , t  l , t - l  l , t - 2  l j t - 3
+ 0.07X- . + 0.23X, _ + 0.004X. -  0.08X. _l , t - 4  l , t - 5  l , t - 6  l , t - 7
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+ 016xi,t-e + °-006Xi,t-9 + °-°“ i,t-io + °-05Xi,t-u
-  ° - 04Xl , t-12 + ° - 34Xl , t - 1 3  -  - 77'0X2 , t
+ U '0X2 , t - l  ’ 3 '0X2 . t - 2  -  l -5X2 , t - 3  -  3 - 9X2 , t -4
-  l '2X2 , t - 5  ‘ ° ' 08X2 , t - 6  ‘  -  8 '0X2 , t - 8
-  ° - 4X2 , t - 9  * 3 '5X2 , t -1 0  " 1 ’3X2 , t - U  + 3,2X2 , t - 12
'  16-3X2 , t -1 3  + 72- 6X2 , t - 1 4  + 6 -0X3 , t  -  30-3X3 , t - l
-  5 -4X3 , t - 2  - 7 -4X3 , t - 3  -  0 ' 7X3 , t - 4  + 12- “ 3 , t - 5
3 '2X3 , t - 6  " 1' 7X3 , t - 7  + 3-U£3 , t - 8  " 8 ‘8X3 , t -9
+ 6-1X3 , t - 1 0  + 12' 9X3 , t - l l  + 3 ' 9X3 , t - 12 + 32' 7X3 , t - 13
- 124.9X, „ + 548.6 (4 .2 )
The d e r iv e d  Equat ions  4 .1  and 4 . 2 ,  can now be ap p l ie d  to  see 
how c l o s e  they  model th e  d a ta  which was used f o r  t h e i r  d e r i v a t i o n .
Tha t  i s ,  u s in g  Equa t ions  4 . 1  and 4 . 2 ,  the  in p u ts  o f  range ,  a t t a c k e r
g e e s ,  a n g l e - o f f ,  and implementing t ime from - 1 . 5  seconds t o  1.75 
seconds in  0.05 second i n t e r v a l s ,  a modeled X and Y s e r i e s  were 
developed.  The a c t u a l  f i r i n g  occu r red  from time equa l  0 .0  t o  1.45 
seconds .  A l l  o t h e r  d a t a  p o in t s  a r e  lead  in  (n e g a t iv e  t ime d a t a )  to  
th e  a c t u a l  f i r i n g  and lead out  (1 .50  to  1.75 seconds) .
The modeled X b u l l e t  miss d i s t a n c e  s e r i e s  i s  compared to  the  
o r i g i n a l  b u l l e t  miss d i s t a n c e  s e r i e s  i n  F igure  11. The h o r i z o n t a l  
a x i s  r e p r e s e n t s  t ime i n  seconds and the  v e r t i c a l  a x i s  r e p r e s e n t s  X 
b u l l e t  miss d i s t a n c e  i n  m i l s .  The modeled s e r i e s  i s  o f f s e t  s l i g h t l y  
so t h a t  i t  could be b e t t e r  v i s u a l i z e d .  One m i l  was added to  each
44
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p o i n t  of  th e  modeled s e r i e s .  The r o o t  mean square  e r r o r  f o r  the  
modeled s e r i e s  was 4 .2 8  m i l s .
The s e r i e s  f o r  t h e  Y b u l l e t  miss d i s t a n c e  were p l o t t e d  in  
F igu re  12, i n  the  same manner t h a t  the  X b u l l e t  miss d i s t a n c e  was 
p l o t t e d  i n  F ig u re  11. The r o o t  mean squa re  e r r o r  f o r  the  modeled 
s e r i e s  was 2 .12  m i l s .
The f i r e l i n e  p a t t e r n  for  the  o r i g i n a l  s e r i e s  i s  shown in  
F igu re  13. In  t h i s  f i g u r e ,  the h o r i z o n t a l  a x i s  a re  the  X c o o r d i n a t e s  
and the  v e r t i c a l  a x i s ,  the  Y c o o r d in a t e s  o f  the  f i r e l i n e .  Small 
arrows a re  a f f i x e d  to  th e  f i r e l i n e  to  show the  d i r e c t i o n  t h a t  the  
f i r e  l i n e  t r a v e l e d  i n  t im e ,  and a sm al l  box a t  one end i n d i c a t e s  i t s  
s t a r t i n g  p o i n t .  The t a r g e t  p o s i t i o n  th roughou t  th e  f i r i n g  i s  t h e  
i n t e r s e c t i o n  o f  the  h o r i z o n t a l  and v e r t i c a l  a x i s .  The da rk  s e c t i o n  
of the  f i r e l i n e  l o c a t e s  the  p o s i t i o n  o f  a c t u a l  f i r i n g  and does no t  
in c lu d e  t h e  lead in  and lead  o u t .  The sm al l  o f f s e t  a x i s  l o c a t e s  
th e  c e n t r o i d  o f  th e  f i r i n g  p o r t i o n  o f  the  d a ta  s e t  and the  o u t l i n e d  
c i r c l e  l o c a t e s  th e  o u t l i n e  of  one s t a n d a rd  d e v i a t i o n  o f  t h e  f i r i n g  
p o r t i o n  o f  the  d a t a  s e t .  The s c a l e  used in  p l o t t i n g  th e  f i g u r e  i s  
no ted  on th e  f i g u r e  and i n  t h i s  i n s t a n c e  i s  2 1 .0  mi Is per  inch .
In  e x a c t l y  t h e  same manner, th e  f i r e  l i n e  p a t t e r n  f o r  the  
modeled s e r i e s  i s  shown i n  Figure  14.
ENGAGEMENT 102, BURST 1
Engagement 102, b u r s t  1, co n ta in ed  54 d a t a  p o i n t s .  The lead in  
c o n s i s t e d  o f  18 d a t a  p o i n t s ,  the  a c t u a l  f i r i n g  18 d a t a  p o i n t s ,  and 
th e  lead ou t  had 18 d a t a  p o i n t s .  The a t t a c k e r  a i r c r a f t  used a  lead  
computing o p t i c a l  s i g h t  system. The average  range  was 3,520 f e e t ,
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average  a n g l e - o f f  57.2 d e g r e e s ,  and average  a t t a c k e r  gees 2 .0 0 ,  fo r  
t h i s  b u r s t .
The e q u a t io n s  f o r  th e  X and Y b u l l e t  miss d i s t a n c e  as a  f u n c t i o n  
o f  t ime ( t ) , range  (X ^) , a t t a c k e r  gees (X2) , and a n g l e - o f f  (X3 ) ,  as 
d e r iv e d  by the  t ime s e r i e s  a n a l y s i s  a r e :
Xt  -  ° ' 42Xl , t  + ° - l2Xl , t - l  -  ° ' 1Xl , t - 2  +  0 ' 04Xl , t - 3
+  0.05X1>t_4 -  0.12Xl i t . s  +  0. 06Xl t 6  -  0.02X1>t. 7
+  0.01Xl j t _8 -  0 .13X1>t. ,  - 0.12X1>t. 10 -  0. lOXl j t _ u
’  °-03h,t-12 + ° - 06Xl , t - 1 3  -  ° - 16Xl , t - W  + 22 ' 2X2 , t
+  S . o B X . , ^  -  7 . 8 9 X 2 t _ 2 +  l - S S X ^ j  +  Z . e i X ^ . y .
-  S ' S1X2 , t - 5  +  3 ' 37X2 , t - 6  '  2 ,0X2 st - 7 + ° - 26X2 , t - 8
9.42X2 j t _9 ~ 9 - 0 7 X2 , t - 1 0  " 7 *3 1 X2 , t - l l  " 1 , 7 3 X2 , t - 1 2
+  3.732X2 j t _ 13 -  10.71X2 ^ . 14 -  42.67X3>t +  1 5 . 7 9 X3 ^ .
2 7 . 42X3 2  + 4 *7 7 X3 ) t _ 3  + 8 *3 9 X3 ) t - 4  " 2 6 ' 5 3 X3 , t - 5
+  10 . 64X3 j t _6 -  3 . 92X3 j t _ 7 +  4 . 23X3>t_8 -  2 6 . 8 3 X 3 ^
-  26.55X„ -  21.37X- „ , .  -  4.04X, . + 13.23X. „3 , t - 1 0  3 , t - l l  3 , t - 1 2  3 , t - 1 3
-  31.66X3 t l 4  + 1 ,339 .0  (4 .3 )
Y = 1 . 12X t  -  0.43X1 „ . + 0.43X. . „ -  0.22X- t  - t  l , t  l , t - l  l , t - 2  l , t - 3
+  0 . 19X . . +  0.21X, -  0.12X. -  0.03X. ,l , t - 4  l , t - 5  l , t - 6  l » t - 7
'  ° - 005Xl , t - 8  +  0 ' 33Xl , t - 9  +  ° ' 16Xl . t - 1 0  + ° - 3Xl , t - U  
-  ° - 22Xl , t - 1 2  -  ° - 33Xl . t - l 3 +  ° - 09Xl . t - l 4  +  79' 49X2 , t
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-  3° ' 36X 2 , t - l  +  3 1 - 51X2 , t - 2  -  1 6 ' 11X2 , t - 3  +  ° - 29X2 , t - 4  
+  1 2 . 8 9 X 2 t  5 -  9 . 3 5 X 2 t  6 -  2 . 9 4 X 2 t _ 7 -  0 . 9 8 X ^
+  2 1 . 6 3 X 2 t . 9 +  9 . 9 3 X 2 j t _ 10 +  1 9 .21 X 2 t . u  -  1 5 . 8BX.,_1. 12 
'  2 3 ' 24X2 , t - 1 3  +  5 - 261l2 , t - 1 4  +  l 2 4 - 1X3 , t  '  9 7 ' 66X3 , t - l
t
+ 9 0 . 84X_ . „ - 6 0 . 18X„ . _ -  10.91X. . + 31.08X,, _J , t -  L J , t -  3 3 , t -  4 3 , t -  5
33.28X3 ^t _6 -  15.72X3 ^ _ 7 -  u *46x3 j t _ 8 + 6 1 *53X3 ) t -9
+ 2 8 - 64X3 , t - 1 0  + 5 9 -43X3 , t - l l  " 4 9 - 7DC3 , t - 1 2  " 74‘66X3 , t - 1 3  
+ 11.66X3 t _ 14 -  9 .5 4 0 .0  (4 .4 )
The d e r tv e d  Equations  4.3 and 4.4 can now be a p p l i e d  to  see  
how c lo s e  they model the  d a t a  which was used f o r  t h e i r  d e r i v a t i o n .  
U s ing  the d e r iv e d  models, and inc rem ent ing  t ime from - 0 . 9 0  seconds 
to  1 .75  seconds i n  0.05 second i n t e r v a l s ,  th e  modeled s e r i e s  were 
g e n e r a t e d .
Using t h e  same comparison techn ique  between th e  o r i g i n a l  
o u t p u t  s e r i e s  and th e  modeled ou tpu t  s e r i e s  as was used fo r  Engagement 
96,  Burs t  4,  th e  X b u l l e t  miss d i s t a n c e  comparison i s  shown in  
F i g u r e  15 and t h e  Y b u l l e t  miss d i s t a n c e  comparison i s  shown in  
F i g u r e  16.
The o r i g i n a l  f i r e  l i n e  p a t t e r n  i s  shown in  F ig u re  17, and the  
modeled f i r e  l i n e  i n  Figure  18.
< The modeled X b u l l e t  miss d i s t a n c e  had a  r o o t  mean square 
e r r o r  of 0.056 m i l s  and the  Y b u l l e t  miss d i s t a n c e  had a r o o t  mean 
s q u a r e  e r r o r  o f  0 .2 1  m i ls .
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t h a t  were modeled.  They were two random s e l e c t i o n s  and were by no 
means the  most a c c u ra te  models developed.  To check th e  a ccu racy  of 
t h i s  modeling t e ch n iq u e ,  the  average  ro o t  mean square  e r r o r s  fo r  the 
e n t i r e  560 f i r i n g  passes  were c a l c u l a t e d .  They were 1.97 m i l s  fo r
the  X b u l l e t  miss d i s t a n c e  and 1.24 mils  f o r  t h e  Y b u l l e t  miss
d i s t a n c e .
4 .2  STOCK MARKET MODELING
The s t o c k  market d a t a  modeled was t h e  p r i c e  o f  American Air­
l i n e s  S tock . This  d a t a  was r e p r e s e n t e d  by 200 d a t a  p o in t s  each r e ­
p r e s e n t i n g  th e  s to ck  p r i c e  on the  New York Stock  Exchange a t  t h e  end 
o f  each t r a d i n g  day. The i n p u t s  used  to g e n e r a t e  the  o u tp u t  were 
th e  Dow Jones  I n d u s t r i a l  Average and the  T r a n s p o r t a t i o n  Index.
This  d a t a  d i f f e r e d  from the  EXPO I I  d a t a  i n  the  fo l lo w in g
ways:
1. The number o f  in p u ts  was d i f f e r e n t  (two r a t h e r  th a n  t h r e e ) ,
2. The ou tpu t  was not as d e t e r m i n i s t i c ;  t h e r e f o r e ,  the  model
d id  r e q u i r e  a s t o c h a s t i c  no ise  term.
3. The d a t a  r e p r e s e n t e d  a  comple te ly  d i f f e r e n t  type o f  system. 
Because o f  th e se  d i f f e r e n c e s ,  modeling o f  t h i s  system served  to
f u r t h e r  t e s t  th e  developed th e o ry .
The e q u a t io n  fo r  the  model as a f u n c t io n  o f  time ( t ) , Dow 
Jones  Average (X^) , and T r a n s p o r t a t i o n  Index (X^) as  d e r iv e d  by the  
t ime s e r i e s  a n a l y s i s  was:
STOCK PRICE + 0.025X
-0.035X l , t - 4 0.003X l , t - 5 + 0.017X 1, t -6
+ 0.010X l , t - 7
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-  0.003X, _ -  0.007X. -  0.006X. _ 1n
y  O  1  y  L “  y  1  |  t ^  L U
-  ° - 004xi , t - n  -  ° - 025Iti , t - i 2  + ° - 2« x 2 ( t  
+  0 . 0 1 8 X 2 jC . 2 -  0 . 0 3 9 X 2 _t _ 3 +  0 .0 5 4 X 2 j t . 4
-  ° ' 024X2 , t - 5  +  ° - 004X 2 , t - 7  -  ° - 017X2 , t - 8
'  ° - 006X2 , t - 9  +  ° - 0 4 l X 2 , t - 1 0  +  0 ' 009X2 , t: - l l  
+  0 . 0 2 4 X 2 _t . 12 +  0 . 0 0 1 X 2 t . 13 +  0 . 0 2 5 X2 > c. m
+  8 . 6 6 1  +  N ( 4 - 5 )
where the  s t a n d a r d  d e v i a t i o n  f o r  the n o i s e  term was 0 .613 .
Using the  d e r iv ed  E qua t ion  4.5 and the  i n p u t s ,  the  modeled s tock  
p r i c e  was c a l c u l a t e d .  The modeled s e r i e s  and th e  o r i g i n a l  s e r i e s  
a r e  bo th  p l o t t e d  i n  F igure  19. In  t h i s  f i g u r e ,  the  modeled s e r i e s  
i s  i n t e n t i o n a l l y  o f f s e t  by 10 d o l l a r s  so t h a t  th e  two s e r i e s  would 
n o t  o v e r l a p .
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CHAPTER V
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK
T his  c h a p t e r  summarizes the  r e s u l t s  and c o n c l u s i o n s  drawn from 
th e  s o l u t i o n  o f  t h i s  p a r t i c u l a r  m o d e l in g  problem. I n  a d d i t i o n ,  i t  
o u t l i n e s  c e r t a i n  a r e a s  t h a t  w a r r a n t  f u r t h e r  s tu d y .
5.1  CONCLUSIONS
1. The b u l l e t  miss  d i s t a n c e  had a  c o n s i d e r a b l e  l a g  i n  r e s ­
pon d in g  to  t h e  f l i g h t  c o n t r o l  p a r a m e t e r s .  T h i s  was 
e v id e n c e d  by t h e  f a c t  t h a t  f i f t e e n t h  o r d e r  o p e r a t o r s  
most a c c u r a t e l y  modeled t h e  sys tem .  T h i s  was e v i d e n t  
f o r  b o th  t h e  X and Y b u l l e t  miss d i s t a n c e  models .
2. The EXPO I I  b u l l e t  miss d i s t a n c e  d a t a  was v e ry  d e t e r m i n i s t i c .
I t  e x h i b i t e d  v e r y  l i t t l e  i f  any o f  th e  randomness which
was v e r y  e v i d e n t  i n  d a t a  o b t a i n e d  from a c t u a l  f l i g h t s  
p r e v i o u s l y  a n a ly z e d  by t h e  a u t h o r .  The t ime s e r i e s  
m ode l ing  p r o c e d u r e  was a b l e  t o  a c c u r a t e l y  model t h i s  
d e t e r m i n i s t i c  d a t a  by e l i m i n a t i n g  th e  s t o c h a s t i c  n o i s e  
t e rm  from th e  s o l u t i o n  e q u a t i o n .
3. The r e g r e s s i o n  a n a l y s i s  which  l o c a t e s  t h e  c o m b in a t io n  o f  
o p e r a t o r  o r d e r s  r e s u l t i n g  i n  t h e  low es t  modeling  e r r o r  
performed v e r y  w e l l .  T h i s  r e g r e s s i o n  a n a l y s i s  r e s u l t e d  i n  l e s s  
e r r o r  th a n  when a l l  o p e r a t o r s  were s e t  t o  t h e  same o r d e r .
4.  The b u l l e t  miss  d i s t a n c e  was found t o  be v e r y  s e n s i t i v e  
t o  a l l  t h r e e  i n p u t s  used  i n  t h e  model.  The in p u t  o f  
r a n g e  was found t o  be most s e n s i t i v e ,  c l o s e l y  fo l lo w ed  
by a n g l e - o f f  and a t t a c k e r  g e e s .
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5.  The developed th eo ry  d id  g ive  a c c u r a t e  r e s u l t s  fo r  the 
p a r t i c u l a r  problem t h a t  was so lv ed .  The average  ro o t  
mean square  e r r o r  based on 560 f i r i n g  passes  was 1.97 m i l s  
f o r  the X b u l l e t  miss d i s t a n c e  and 1.24 mils  f o r  the  Y 
b u l l e t  miss d i s t a n c e .
6. The method used to  s o lv e  fo r  the  models r e q u i r e d  no p r i o r  
knowledge of  the  s y s te m 's  b eh av io r .  This  method did not 
r e q u i r e  s tu d y in g  th e  d a t a  to  see  what com bina t ion  or
2weighted combination  o f  mathemat ica l  e x p re s s io n s  ( t ,  t  , 
s in e  t ,  e t c . )  as a f u n c t i o n  o f  t ime could a c c u r a t e l y  r e ­
p r e s e n t  t h e  d a ta .  The on ly  requ irem ent  was having  the  in ­
put and o u tp u t  d a t a  s e r i e s  on a one to  one correspondence  
b a s i s .
7. The system o f  e q u a t io n s  t h a t  a r e  genera ted  and used to  
so lve  f o r  the  unknown V param ete rs  could  i n  some in s t a n ce s  
r e s u l t  i n  a system o f  l i n e a r l y  dependent e q u a t i o n s .  The 
d e te rm in a n t  o f  th e  c o e f f i c i e n t  m a t r ix  should always be 
checked to  be c e r t a i n  t h a t  i t  i s  non-ze ro ,  th u s  in su r in g
a n o n - s in g u la r  c o e f f i c i e n t  m a t r ix  and a sys tem o f  l i n e a r l y  
Independent e q u a t i o n s .  One p o s s i b l e  method to  avoid 
the  problem o f  l i n e a r l y  dependent eq u a t io n s  i s  to  perform 
row and column in te r c h an g e s  a t  t h e  s o l u t i o n  s t e p .  When 
the  p o i n t  i s  reached  t h a t  a l l  remain ing  e q u a t i o n s  in  the  
c o e f f i c i e n t  m a t r ix  a re  l i n e a r l y  dependent ,  s e t  th e  V 
p a ram ete rs  a s s o c i a t e d  w i th  t h e se  eq u a t io n s  t o  ze ro .  The 
system could  then be so lved  fo r  the  remain ing  V pa ram e te r s ,
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t h u s  g i v i n g  th e  b e s t  model t h a t  can  be  deve loped  by  t h i s  
method w i t h  t h e  g iv e n  d a t a .
5 . 2  RECOMMENDED AREAS FOR FUTURE STUDY
1. The th e o r y  a s  developed cou ld  be a p p l i e d  t o  problems o t h e r
th a n  th e  ones  s p e c i f i c a l l y  s t u d i e d .  T h i s  f u r t h e r  t e s t i n g
o f  th e  t h e o r y  and compute r program would be a good i n d i ­
c a t i o n  o f  how g e n e r a l  th e  t h e o r y  i s  and t o  what ty p e  p r o ­
b lems i t  can  b e s t  be a p p l i e d .
2 .  Develop th e  t h e o r y  f u r t h e r  so t h a t  th e  model can be a d a p t i v e
i n  n a t u r e .  Thus ,  changes  i n  t h e  r e l a t i o n s h p  between th e
i n p u t  and o u t p u t  a r e  r e f l e c t e d  in  t h e  model p a r a m e t e r s .  In  
e s s e n c e ,  advance  the  t h e o r y  t o  th e  e x t e n t  t h a t  model u p ­
d a t i n g  can  be  a p p l i e d  once a model has  b e en  deve loped  and
i s  b e i n g  u s e d .
3 .  I n v e s t i g a t e  how the  models  p e r fo rm  on a p r e d i c t i o n  b a s i s .
To d a t e ,  models  have been  developed  th e n  checked t o  see  how 
a c c u r a t e l y  t h e y  model th e  d a t a  used f o r  t h e i r  d e v e lo p m en ts .  
F u t u r e  work would deve lop  the  model,  t h e n  check  on i t s  f o r e ­
c a s t i n g  per form ance  on d a t a  o t h e r  th a n  th e  s e t  s p e c i f i c a l l y  
used f o r  i t s  deve lopm ent .
4 .  Reduce to  one v e r y  g e n e r a l  mode l ,  o r  a s m a l l  s e t  o f  models
f o r  a l l  the  f i r i n g  d a t a  u s e d .  From th e  1120 models  t h a t
were d e r i v e d ,  one could  c a t e g o r i z e  o r  p o s s i b l y  r e d u c e  most 
o f  th e  models  t o  a v e r y  sm a l l  s e t .  T h a t  i s ,  a  g e n e r a l  
model might  be d e r iv e d  f o r  each  s i g h t  sy s tem  used on a 






The fo l lo w in g  c h a p te r  I s  a d e s c r i p t i o n  o f  the  computer so f tware  
re q u i r e d  to  implement the  th e o ry  a s  d e r iv ed  in  Chapter  I I I .  The main 
c o n t r o l  program, FINDIT, a s  w e l l  as  each o f  the  s u b ro u t in e s  i t  c a l l s ,  
a r e  a l l  inc luded  in  t h i s  d i s c u s s i o n .  In  a d d i t i o n ,  the  Appendix B con­
t a i n s  d e t a i l e d  flow diagrams f o r  a l l  the  sof tware  d e sc r ib ed  in  t h i s  
appendix .
FINDIT i s  the pr im ary  c o n t r o l  program. I t  c a l l s  a l l  t h e  sub­
r o u t i n e s  r e q u i r e d  fo r  o b ta in in g  th e  model pa ram ete rs  and c o n t r o l s  the  
r e g r e s s i o n  a n a l y s i s  f o r  o b ta in in g  th e  o rd e r s  o f  the  V o p e r a t o r s .  This  
program, a s  w e l l  as a l l  the  s u b r o u t in e s  i t  c a l l s ,  a r e  com ple te ly  general. 
That i s ,  a l l  i n i t i a l  d imensioning i s  done e x t e r n a l l y ,  and v a r i a b l e  
d im ens ion ing  i s  used in  FINDIT and th e  s u b r o u t in e s  i t  r e q u i r e s .
This  program has s e v e r a l  o p t io n s  which make i t  a p p l i c a b l e  to  
systems o th e r  than the  ones analyzed  in  the  r e s u l t s  c h a p t e r .  The 
number of  i n p u t  s e r i e s  to  be used i n  the  a n a l y s i s  i s  v a r i a h l e  and i s  
s p e c i f i e d  as  the  q u a n t i t y  NX. The in p u t  s e r i e s  a r e  s to re d  in  the  f i r s t  
NX columns o f  th e  a r r a y  XY--one s e r i e s  t o  a column. The number o f  o u t ­
p u t s  t h a t  w i l l  be  modeled by th e se  i n p u t s  can a l s o  be changed t o  any 
number d e s i r e d  by s p e c i f y in g  the  number o f  o u tp u t s  a s  NY. The p ro ­
gram w i l l  t h e n  give a  t ime s e r i e s  model f o r  each o u t p u t .  The ou tpu t  
s e r i e s  to  be modeled a r e  s to red  in  the  l a s t  NY columns of the  a r r a y  XY, 
s i m i l a r  to  th e  way the in p u ts  a re  s t o r e d .
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The o rd e r  of the  V o p e r a to r s  can a l s o  be changed. The i n t e g e r  
q u a n t i t y  MXV s e t s  th e  maximum number o f  V o p e r a t o r s ,  and MNV s e t s  the  
minimum number of  V o p e r a t o r s  p o s s i b l e .  The q u a n t i t y  ISKP s e t s  the  
o p e r a t o r  combinations  to  be sea rc h ed .  I f  a l l  p o s s ib l e  combina tions  
between MNV and MXV a r e  to be checked, ISKP i s  s e t  t o  1. I f  i t  i s  
d e s i r e d  to  s e t  the  o rd e r  of a l l  V o p e r a t o r s  i d e n t i c a l l y  w i thou t  a s e a rc h ,  
then  MNV and MXV are  s e t  to  t h a t  number.
The program I n i t i a l l y  c a l l s  su b ro u t in e  DIFF which checks to  see  
i f  a l l  s e r i e s  a re  s t a t i o n a r y  as  p e r t a i n s  t o  c r i t e r i a  d i s cu s sed  in  
c h a p te r  two. I f  they  a r e  n o t ,  the  s e r i e s  a re  d i f f e r e n c e d  a p p r o p r i a t e l y  
u n t i l  they  meet the  s t a t i o n a r y  c r i t e r i a .
FINDIT then goes th rough  a s e r i e s  o f  m u l t i p l e  c a l l s  to  s u b ro u t in e  
CRSCOV which c a l c u l a t e s  a l l  c ro s s c o v a r i a n c e s  r e q u i r e d  to  f i l l  the  known 
v a lu e s  i n  the  m a t r ix  Equa t ion  3 .1 5 .  A f t e r  the  c a l l s  to  CRSCOV a l l  
va lues  i n  Equat ion  3 .15  a r e  known e x ce p t  the  V^ pa ram e te rs .
The program then  s ea rch es  the  f e a s i b l e  V o p e r a to r  o rd e r  combina­
t i o n s  i n  o rd e r  to  o b t a i n  the one t h a t  r e s u l t s  in  the  lowest  r o o t  mean 
square  e r r o r .  At each s t e p  i n  the  s e a r c h  (each combina t ion  o f  V 
o p e r a to r  o r d e r s )  the  program c a l l s  s u b ro u t in e s  REDCHG and SPGAUS which
solve  Equat ion  3 .15  f o r  the  unknown V, . pa ram ete rs ,  and s u b ro u t in e
i  j J
HOPE which computes the  s tandard  d e v i a t i o n  f o r  the  n o i s e ,  the  c o n s t a n t
A in  Equa t ion  3 .16 ,  and the  r o o t  mean square e r r o r .  When a l l  s p e c i f i e d
o p e ra to r  combinations  have been checked, the  o rd e r s  and V . pa ram ete rs
i  > J
r e s u l t i n g  i n  the lowest  ro o t  mean square  e r r o r  a re  used in  th e  f i n a l  
model.
FINDIT then c a l l s  su b ro u t in e  MODSER which uses  the  b e s t  V, ,*•> J
pa ra m e te r s ,  Lhe s tan d a rd  d e v i a t i o n  f o r  the n o i s e ,  and the  c o n s t a n t  A to
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g e n e r a te  the  e n t i r e  modeled s e r i e s .  The f i n a l  r o o t  mean square e r r o r  
f o r  the modeled s e r i e s  v e r su s  the  o r i g i n a l  s e r i e s  i s  then  c a l c u l a t e d .
Subrou t ine  DIFF has a s  i t s  p r imary  f u n c t io n  to  de termine  the l e v e l  
o f  d i f f e r e n c i n g  re q u i r e d  t o  achieve  s t a t i o n a r i t y . I t  does t h i s  by 
checking th e  mean and s tanda rd  d e v i a t i o n  and t h e i r  r e l a t i o n s h i p  to  each 
o th e r  over the  e n t i r e  s e r i e s .
The procedure  to  accomplish  t h i s  can b e s t  be unders tood  i f  one
assumes a s e r i e s ,  z , c o n ta i n in g  N v a l u e s .  DIFF f i r s t  c a l c u l a t e s  N/2
d i f f e r e n t  means and s tan d a rd  d e v i a t i o n s ,  each based on h a l f  the v a lu e s
in  the s e r i e s ,  each  one d i f f e r i n g  from a l l  o th e r s  in  t h a t  no two means
or s tandard  d e v i a t i o n s  use  e x a c t ly  th e  same v a lu e s  o f  the  s e r i e s .  They
a l l  d i f f e r  from each o t h e r  by  a t  l e a s t  one v a lu e .  The b a s i s  f o r  g e t t i n g
these  s e r i e s  o f  means and s tandard  d e v i a t i o n s  can be seen in  F igure  20
where the  h o r i z o n t a l  l i n e  i n d i c a t e s  a l l  v a lu e s  of  the  s e r i e s ,  M. the’ 1
mean, SD^ the  s tandard  d e v i a t i o n ,  and each of the  b r a c k e t s  the  v a lu e s  
o f  the s e r i e s  used to  c a l c u l a t e  t h a t  p a r t i c u l a r  mean and s tandard  
d e v i a t i o n .
The average  mean, M, and average  s tan d a rd  d e v i a t i o n ,  SD, a re  then  
c a l c u l a t e d .  The r a t i o  o f  M to  SD i s  then  c a l c u l a t e d  and s to red  in  th e  
q u a n t i t y  ROLD: The s e r i e s  i s  then  d i f f e r e n c e d  and a new average  mean,
average  s tanda rd  d e v i a t i o n ,  and r a t i o  a r e  c a l c u l a t e d .  The new r a t i o  
RNEW i s  then  compared t o  ROLD. T h is  procedure  c o n t in u es  u n t i l  the  r a t i o  
beg ins  t o  d ec rea se  r a t h e r  than  i n c r e a s e .  When the  r a t i o  beg ins  to  
d e c r e a se ,  one makes the  assumption t h a t  th e  s e r i e s  was a s  s t a t i o n a r y  
a s  p o s s ib l e  a t  th e  p rev ious  d i f f e r e n c i n g .  A s t a t i o n a r y  s e r i e s  norm al ly
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F i g u r e  20 .  Method used f o r  o b t a i n i n g  t h e  s e r i e s  o f  means,  and
s t a n d a r d  d e v i a t i o n s ,  SD^, used  in  ch ec k in g  f o r  
s t a t  i o n a r i t y .
has  a v e r y  s m a l l  s t a n d a r d  d e v i a t i o n  a s  compared t o  t h e  mean. The re  a r e  
s e v e r a l  o t h e r  more d e f i n i t e  methods  o f  ch eck in g  f o r  s t a t i o n a r i t y  [ 1 2 ] ,  
however ,  f o r  a n a l y z i n g  l a r g e  masses  o f  d a t a ,  t h i s  i s  a  q u i c k  s imple  
method. I f  o n ly  a few d a t a  s e t s  a r e  t o  b e  a n a l y z e d ,  t h e y  can  be  checked 
m an u a l ly ,  made s t a t i o n a r y ,  and th e  c a l l  t o  s u b r o u t i n e  DIFF e l i m i n a t e d .
S u b r o u t i n e  CRSCOV c a l c u l a t e s  t h e  c r o s s c o v a r i a n c e  be tween two s e r i e s  
b y  u s in g  E q u a t i o n  2 . 1 7 .  The two s e r i e s  f o r  which t h e  c ro s sc o v a r i a n c e . s
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a r e  c a l c u l a t e d  a r e  s t o r e d  in  t h e  one d im e n s io n a l  a r r a y s ,  A and B.
The c r o s s c o v a r i a n c e s  a r e  c a l c u l a t e d  and s t o r e d  in  t h e  a r r a y  CROSS.
S u b r o u t in e  HOPE c a l c u l a t e s  t h e  e s t i m a t e s  o f  the  r o o t  mean s q u a r e  
e r r o r  (used a s  t h e  e r r o r  c r i t e r i a  i n  the  r e g r e s s i o n  a n a l y s i s ) ,  th e  
n o i s e  s t a n d a r d  d e v i a t i o n ,  and t h e  c o n s t a n t  A used In  t h e  f i n a l  mode l .  
T h i s  s u b r o u t i n e  i s  r e q u i r e d  f o r  e ach  s t e p  i n  th e  r e g r e s s i o n  a n a l y s i s .
The program f i r s t  computes t h e  new s e r i e s  d e f in e d  by E q u a t io n  
3 .1 8  and s t o r e s  i t  i n  th e  a r r a y  YN. I t  t h e n  computes t h e  mean of  
t h i s  s e r i e s ,  YN, which i s  t h e  c o n s t a n t  A as  d e s c r i b e d  i n  E q u a t io n  
3 . 1 9 .  The f i n a l  c a l c u l a t i o n  i s  t h e  s t a n d a r d  d e v i a t i o n  o f  th e  n o i s e  
te rm  a s  d e f in e d  by  E q u a t io n  3 . 2 0 .
S u b r o u t in e  MODSER u ses  t h e  b e s t  p a r a m e t e r s ,  th e  s t a n d a r d
d e v i a t i o n  f o r  t h e  n o i s e ,  and th e  c o n s t a n t  A t o  g e n e r a t e  t h e  e n t i r e  
modeled s e r i e s  by  u s i n g  E q u a t io n  3 . 1 6 .  I t  u s e s  th e  o r i g i n a l  i n ­
p u t s  and th e  d e r i v e d  model t o  g e n e r a t e  th e  modeled s e r i e s .  I t  t h e n  
computes th e  r o o t  mean square  e r r o r  f o r  the  modeled s e r i e s .
S u b ro u t in e  REDCHG i s  used i n  c o n j u n c t i o n  w i t h  s u b r o u t i n e  
SPGAUS t o  so lv e  f o r  t h e  unknown V. , p a ra m e te r s  a s  d e f i n e d  by  E q u a t io n
*■ 9 J
3 . 1 5 .  I t  i n i t i a l l y  n o r m a l iz e s  t h e  c o e f f i c i e n t  m a t r i x  so  t h a t  t h e  
l a r g e s t  component i n  i t  has  a m agn i tude  o f  o n e .  Next,  i t  does  a 
G a u ss ia n  E l i m i n a t i o n  [1 3 ]  w i th  row i n t e r c h a n g e  so t h a t  th e  maximum 
p i v o t a l  e lem en t  i s  l o c a t e d  on t h e  d i a g o n a l  a t  each  s t e p .
REDCHG does  check  f o r  s i n g u l a r i t y  o f  t h e  c o e f f i c i e n t  m a t r i x .
I f  t h e  m a t r i x  i s  found t o  be s i n g u l a r ,  t h i s  s u b r o u t i n e  th e n  s e t s  a n  
e r r o r  i n d i c a t o r  and r e t u r n s  t o  t h e  main p rogram .  I f  t h i s  o c c u r s ,  
f u r t h e r  a n a l y s i s  a t  t h i s  s t e p  i n  t h e  r e g r e s s i o n  a n a l y s i s  i s  t e r m i n a t e d .
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S ubrout ine  SPGAUS s o lv e s  Equation 3.15 in  i t s  modif ied  form (from
su b ro u t in e  REDCHG) f o r  the  unknown V, . pa ram e te r s .  I n i t i a l  e s t i m a t e s
i  > J
o f  the  pa ram ete rs  a r e  found by b a c k s u b s t i t u t i o n  i n t o  th e  modif ied
e q u a t i o n .  The i n i t i a l  e s t i m a t e s  and the  o r i g i n a l  Equa t ion  3 .15  a re
then  used to  i t e r a t i v e l y  so lv e  f o r  the  f i n a l  V. , pa ram e te rs .
J
SPGAUS checks f o r  d iv e rg en ce  o f  the  s o l u t i o n  v e c t o r  a t  each 
s t ag e  in  the  i t e r a t i v e  p r o c e s s .  I f  the  s o l u t i o n  v e c to r  i s  found to  
be d i v e r g i n g ,  then  the  s o l u t i o n  v e c to r  f o r  the  p rev ious  i t e r a t i v e  s t e p  
i s  tak en  a s  the  most a c c u r a t e .
S ince  a l l  the p r e v i o u s l y  desc r ibed  programming i s  w r i t t e n  u s ing  
v a r i a b l e  d im ens ion ing ,  i t  i s  n e ce s s a r y  f o r  the i n v e s t i g a t o r  to  w r i t e  
a main c o n t r o l  program which reads  the  d a t a ,  s e t s  th e  v a r i a b l e  parameters, 
d im ensions  the  a r r a y s ,  and w r i t e s  the  answers .  This  c o n t r o l  program 
i s  s p e c i f i c  f o r  the  p a r t i c u l a r  type system be ing  a n a ly zed .  Once 
w r i t t e n ,  i t  must simply c a l l  FINDIT and pass  a l l  th e  o r i g i n a l  d a ta  and 
and th e  v a r i a b l e  pa ram ete rs  through the  argument l i s t .  FINDIT w i l l  do 





















F I T ( I )= I .O  E20 
THN(I)=0,0 
SD(I )=0,0




DO J = 1, NXM




























AW (KKW, LICW) »CXX ( M, tX2 , IX1) 




























































YN(K)=XY(KP, IYOF)- YMD 
YMDM=YMDMfYN (K)




DUftt=VH ( I ) -  YMDM 
COST=COST+DUM*DUM























































SUM=SUMf AW( I , J ) *XN( I )
r
b9

























DO 1 = 1 ,N
DO J=1,N







BR( X, K) =BIG*BJR ( I , K) 
B (I,K )=B R (I,K )
DO J=1,N
A R(I,4)=BXG*AR(I,J) 








DUM. GE,ABS(AR(I, J ) )













A R (J,1 )= A R (IC ,I) 
AR(IC,I)=DUM 
DUM=A(J,I) 
A (J ,I )= A (IC ,I )
A B S.(A R (J,J)).G E* EPSI
DO I - J ,N
A R (J ,J )= 1 .0 /A R (J ,J )
A R (I ,J )= -A R (I ,J )* A R (J ,J )
B R (I,K )=B R (I,K )+A R (I,J)*B R (J,K )
DO K=JP,N






















iy o ff^nx+ i
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DM( J ) =RNDN(NSEED,THN( I ) , STD<I ) )
J1 DO J l - l .N X
NV=IVX(J1,I)




X Y (J-J2+ 1 ,J1)
J1 J2
X Y (J,IY O FF)=Y (J,I)
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XY ( 3 , IYOFF)*XY(J-1 , IYOFF) 
+DM(J)IG=02
X Y (J,IY O FF)-2.0*
XY(J-l,IYOFF)+DM (J)-
XY{J*2,IY0FF)
XY(Jf IY O FF)-3.0* 
X Y (J - l ,l3 0 F F )-3 .0 *  






XY (J - 1 , IYOFF)-6 .0 *  
XY<J-2,IYOFF)+4* 
X Y (J-3 , IYOFF) - 
XY(J - 4 , IYOFF)+DM(J)
F IT (I )= F IT (I)+















DO Jl= J,N 1
<”>H I
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IB=NMf 1- I I



















5 .0  - -
0 .5 1.01 .0
- 10.0
M TIHE SERIES 
+  Olti 61 NHL
KOHZ Q .6  SEC. /  INCH 
VEffT 6 .5  HILS /  INCH
X B U L L E T  M I S S
ENGAGEMENT 9 6  BURST 1




1 . 0-0 .5
m TIME SERIES 
+ ORIGINAL
HORE 0.6 SEC. /  INCH 
VERT 6.S MILS /  INCH
Y B U L L E T  M I S S
ENGAGEM ENT 9 6  B U R S T  1
SIGHT 3 PILOT 6 MANEUVER 104
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6.S HT.3 / INCH
F I R E L I N E  P A T T E R N
O R I G I N A L '
ENGAGEMENT 9 6  BURST 1
SIGHT 3 PILOT 6 HRNEUVCR 101
6.5 MILS / INCH
F I R E L I N E  P A T T E R N
T I ME  S E R I E S
ENGAGEMENT 9 6  BURST 1









HCR1Z 0.6 SCC. /  IWCrt 
VE6T BA HILS / IHCH
X B U L L E T  M I S S
ENGAGEMENT 9 6  BURST 2








nonz o.e sec. /  inch 
venT o.6 oils / inch
Y B U L L E T  M I S S
ENGAGEMENT 9 6  BURST 2
SIGHT 3 PILOT 6 MANEUVER 10«4
112
0 .3  MILS /  INCH
F I R E L I N E  P A T T E R N
0 R I G I N A L
ENGAGEMENT 9 6  BURST 2
SIGHT 3 PILOT 6 HRNEUVEfl 104
113
f l .3  NILS /  INCH
F I R E L I N E  P A T T E R N
T I ME  S E R I E S
ENGAGEMENT 9 6  BURST 2








a time » i n  im  o.6 sec. /  inch
+ onicifinl VCrttT 6.3 WL3 /  INCH
X B U L L E T  M I S S
ENGAGEMENT 1 0 3  BURST 1
SIGHT 9 PJLOT 7 HflNCUVCH 117
115
to.o







t t . o
M TIIC 9QI1ES HOM 0.0 9CC. /  INCH
+ MlGINRl VOtf 0.9 NILS /  INCH
Y B U L L E T  M I S S
ENGAGEMENT 1 0 3  BURST 1
SIGHT 3 PILOT 7 HRMEUVEfl 117
116
S.» MLS /  INCH
I
F I R E L I N E  P A T T E R N
O R I G I N A L
ENGAGEMENT 1 0 3  BURST 1
31 cm  3 PILOT 7 MRMCUVCfl 117
117
S.9 NILS / INCH
F I R E L I N E  P A T T E R N
T I M E  S E R I E S
ENGAGEMENT 1 0 3  BURST 1










M TIHC 9011CS 
+ OniCIMM. e 0.6 XC. /  JMCH 17.0 HILS /  INCH
X B U L L E T  M I S S
ENGAGEM ENT 1 0 2  B U R S T  3
















„ 0.9 9tC. /  1HCH 
CT 17.0 MILS /  INCH
Y B U L L E T  M I S S
ENGAGEM ENT 1 0 2  B U R S T  3
SIGHT 3 PILOT 6 HfiNCUVCfl SO
120
1 3 .7  MILS /  INCH
F I R E L I N E  P A T T E R N
O R I G I N A L
ENGAGEMENT 1 0 2  BURST 3
SIGHT 3 PILOT 6 MANEUVER SO
121
r
1 3 .7  HJLS /  JttCH
F I R E L I N E  P A T T E R N
T I M E  S E R I E S
ENG AGEM ENT 1 0 2  BURST 3














n tjhc  soues 
+  onieiMOL
»m 0.6 set. /  INCH 
VCTT 17.6 MILS /  INCH
X B U L L E T  M I S S
ENGAGEMENT 9 9  BURST 2

















Hone 0.6 3CC. /  INCH 
VERT 17.6 HILS /  INCH
Y B U L L E T  M I S S
E N G A G E M E N T  9 9  B U R S T  2
SIGHT 3 PILOT 6 MANEUVER 81
124
ll.S NILS /  INCH
F I R E L I N E  P R T T E R N
O R I G I N A L
EN G A G EM EN T  9 9  B U R S T  2
SIGHT 3 PILOT 6 MANEUVER 01
125
1%.2 MILS / INCH
F I R E L I N E  P A T T E R N
T I M E  S E R I E S
E N G A G EM EN T  9 9  BURST 2
SIGHT 3 PILOT 6 MANEUVER 01
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